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Abstract. Students are getting confused and losing interest
in theoretical computer science because most instructors are
doing a poor job in teaching the subject matter. Instructors
are doing a poor job in teaching because they do not have a
well-organized theory to explain the concepts and they are
unwilling to spend the time to write up better lecture notes for
the class. This paper presents a rigorous mathematical
approach to the theory of context-free languages which
doesn’t currently exist in the literature of theoretical computer
science. Basic definitions are developed in mathematical
terms and used as the foundation for constructing
mathematical proofs for theorems. It provides a model for
instructors to write better lecture notes and authors to write
better textbooks for educational purpose. It also corrects
some critical errors and erroneous arguments that can be
found in many textbooks which are widely used for the
education of theoretical computer science.

Students can use this paper for supplemental reading.

2.1 Context-Free Grammars (CFG)

In Chapter 1, we use finite automata and regular expressions to describe regular
languages. In this chapter, we introduce the concept of Context-Free Grammar which is
a more powerful tool for describing languages.

A Context-Free Grammar is formally defined as follows.

Definition 2.1
A Context-Free Grammar denoted by CFG is a 4-tuple ¢ = (V,%,R,S), where
® IV is a finite set of variables;
(i) ¥ is a finite set of terminals such that V n £ = @;
(i) S €V isthe start variable; and
(iv) R cVx((VUZX)"isafinite relation
For any (4,u) € R, we usually write A - u and call it a rule.
Accordingly, the relation R is also called the set of rules for the CFG.
A is sometimes called the head of the rule whereas u is called the body of the rule.
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Example 2.2
LetV = {< SENTENSE >,< NOUN PHRASE >,< VERB PHRASE >,< PREP PHRASE >,
< CMPLX NOUN >,< CMPLX VERB >,< PREP >,< ARTICLE >,< NOUN >,< VERB >}
¥ = {a, the, boy, girl, flower, touches, likes, sees, with}
S = < SENTENSE >
Let R consist of the following rules:
< SENTENSE > — < NOUN PHRASE >< VERB PHRASE >
< NOUN PHRASE > — < CMPLX NOUN > | < CMPLX NOUN >< PREP PHRASE >
< VERB PHRASE > — < CMPLX VERB > | < CMPLX VERB >< PREP PHRASE >
< PREP PHRASE > — < PREP >< CMPLX NOUN >
< CMPLX NOUN > — < ARTICLE >< NOUN >
< CMPLX VERB >— < VERB > | < VERB > < NOUN PHRASE >
< ARTICLE > — a | the
< NOUN > — boy | girl | flower
< VERB > — touches | likes | sees
< PREP > — with
G=(V,%R,S)isacCFaG.
The following are examples of strings in £* that can be derived by G.
(@ < SENTENSE >
— < NOUN PHRASE >< VERB PHRASE >
— < CMPLX NOUN >< VERB PHRASE >
— < ARTICLE >< NOUN >< VERB PHRASE >
— a < NOUN >< VERB PHRASE >
— a boy < VERB PHRASE >
— aboy < CMPLX VERB >
— aboy <VERB >
— a boy sees
(i) < SENTENSE >
— < NOUN PHRASE >< VERB PHRASE >
— < CMPLX NOUN >< VERB PHRASE >
— < ARTICLE >< NOUN >< VERB PHRASE >
the boy < VERB PHRASE >
the boy < CMPLX VERB >
the boy < VERB >< NOUN PHRASE >
the boy sees < CMPLX NOUN >
the boy sees < ARTICLE >< NOUN >
the boy sees a flower
(i) < SENTENSE >
— < NOUN PHRASE >< VERB PHRASE >
— < CMPLX NOUN >< PREP PHRASE >< VERB PHRASE >
— < ARTICLE >< NOUN >< PREP >< CMPLX NOUN >< VERB PHRASE >
— a girl with < ARTICLE >< NOUN >< VERB PHRASE >
— a girl with a flower < CMPLX VERB >
— a girl with a flower < VERB >< NOUN PHRASE >
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— a girl with a flower likes < CMPLX NOUN >

— a girl with a flower likes < ARTICLE >< NOUN >
— a girl with a flower likes the boy

Definition 2.3
LetG = (V,L,R,S) be a CFG.
Forany u,v € (V UX)*, we say u yields v (or v is derivable from ) in one step (written

asu =1> v or simply u = v) if and only if

JAeV,y,a,f € (VUZX) andarule A— y suchthatu = aAf and v = ayp.

Note that the process of deriving v from u is basically a replacement of a variable in u by
the body of the variable’s rule to obtain v.

0
In addition, we define u = v iff u = v.

For any integer n > 0, we say u yields v (or v is derivable from u) in n + 1 steps (written
+1 1
asun=>v) iff 3w € (V U X)* such thatu Swand w=v .

If there are more than one CFG to be considered, (e.g. G and G') and if we need to
distinguish between derivations in G from derivations in G', we can write

n,G . . . .
u = v to mean v is derivable from u in n steps by use of rules in G; and

nG' . . . .
u = v to mean v is derivable from u in n steps by use of rules in G'.

Furthermore, if we need to specify the rule to be applied in each step, we can use

n,G,(R1,R2,Rn) . . . . .
u —— v to mean v is derivable from u in n steps by use of rules in G with rule R;

to be applied in the it" step; and

n,G',(R1,Ry,Rn) : : : . ,
u =————== v to mean v is derivable from u in n steps by use of rules in G' with rule R;

to be applied in the it" step.

Since there can be more than one way of deriving a string, it is sometimes useful to
require the derivation to be leftmost. A leftmost derivation is a derivation in which the
leftmost variable at every step is replaced by the body of its rule.

Formally, we define leftmost derivation as follows.

1,1
Forany u,v € (V UZX)", vis a leftmost derivation of u in one step (written as u “Zvor

l
simply u gv) iffawer,w e@ui),AeV,ae (VUX) andarule A — a such that
u=wAw' and v = waw’'.

. nlm . .. n
For any integer n > 0,u = v is defined similarlyasu=v .

Definition 2.4
Let G = (V,5,R,S) be a CFG; = be a subset of (V UZ)* x (V UZ)" .
We define the relation :*:» as follows:

vu,ve (VUX)" u = v if and only if u S v for some integer n > 0.
n is called the length of the derivation of v from u.



n
Note that whenever there is an n such that u = v, there is a minimum n’ such that u

nl

=>7V.
If there are more than one CFG to be considered,

%G . NG .
u=v if and only if u = v for some integer n > 0.

xIm . - *
= is defined similarly as = .

Proposition 2.5

= (respectively =) is reflexive and transitive.
<Proof>

0 «
Sinceu=u forallue (VUXL),u=u forallue (VU
Therefore, —:> is reflexive.

For transitivity, assume u Svandvow.
There exist integers m > 0 and n > 0 such that

m n
u=vandv=>w.
There are two cases to examine,n=00orn # 0

(1) n=20
0
VoW
By definition, v = w.
i m m
Sinceu=v,u>w.

Therefore, u =>w.
(i) n+0
n
v=a2w
n-—1 1
v=a,_;=>wforsome a,_; € (VUI)".

With a backward induction argument, we have

VDA = Ay e = a,-; = w forsome a; a, -, € (VUZX)".
We now have

m
u=>v$a1=>a2 """"" =>an_1=>W.

. m m+1
Since (u SUV=a, ) = (u :>a1),

m+1 m+2
bt=a=>a)= (u:>a2 )

With a forward induction argument, we have
m+n—1
— O(n_l .
i m+n—1 m+n
Finally, u —m—ma,., = w) = (u=—=w).

Therefore, u =>w.



Combining (i) and (ii), > is transitive.

. - . oxlme . .
With a similar argument, we can establish = is also reflexive and transitive.

Definition 2.6
LetG = (V,L,R,S) be a CFG.
The language of G is defined as

L(G) ={wEZ* | S>w).

0
Note that if § = w, n = 1 because S = w implies S = w which is a contradiction.

Definition 2.7

Let G = (V,%,R,S) be a CFG.

Let Q representthe rule A - a in R.

Yu,v € (V U X)*, we say u yields v (or v is derivable from u) using the rule Q (written as

Q .. . .
u =v) if and only if there exist w;,w, € (V U 2)* such that u = w;Aw, and v = w;aw,.

Proposition 2.8
Let G = (V,%,R,S) be a CFG.
ForanyAeV,ae (VuX) andx,y,z e (VUZX),
(i) A—-a)e (A= a)
(i) Ifthereisnoain (VUZX)*suchthatS — aisarule, L(G) = 0.
(i) f{a e VUX)'|A — a} =0 and x = y, then A appears in x = A appears in y.
(iv) LetS = u; = uy eeevee e = u, = w,whereu; € (VuX) forallie€ {1,223, n},
weEZX andn > 1.
If A €V and A appears in u; for some i € {1,2,3,---n},then 3a € (V U £)* such that
A — aisarule.
<Proof>
() IfA—aisarule,sinceeisin (VUZX)", eAde = eac.
Therefore, A = «a.
Conversely if A = «a,3Q € V,B,w;,w, € (V UZX)" such that A = w;Qw, and
a=w;Bw, and Q — S is arule.
Since A = w;Qw,, w;,w, must be € and A = Q.
Therefore, @ = g and Q — 8 becomes A — a.
(i) Assume for contradiction that L(G) # @.
Jw € L(G).
Ik € NU{0},wy,wy, e oo wg € (VUX)" suchthatS > w; = wy oo eee et = w, =
worS=w. (Notethatk =0= S = wy.)
By (i), S > w; orS — w.
This contradicts the assumption that there isno a in (VW U X)* suchthatS — ais a
rule.
(i) Since x = y,AB € V,w;,w,, B € (V U X)* such that x = w;Bw,, y = w; fw, and
B — Bisarule.



Since A —» aisnotarule Va € (VUZX)", A # B.
Since A appears in x, A appears either in w; or w,.
In either case, A appearsin y.
(iv) Assume for contradiction 3A which appears in u; for some i € {1,2,3 ---n} such that
A — aisnotarule foralla € (VUZX)".
By (iii), A appears in u; ;.
By repeated application of (iii), we can conclude that A appears in
U2, U3, Uy @and w, which is a contradiction because w contains no variables.

Example 2.9

Let G = ({S},{0,1},R,S) be a CFG.

Create the rules in R so that L(G) = {0"1?"*1 | n € N}.

Therule is S — 0511 | 1 as can be seen from the following applications of the rule.

S — 0511 (1% application of S — 0511)
— 0051111 (2" application of S — 0511)
— 0005111111 (3" application of S — 0511)
— 0nS512n (nt" application of S — 0511)
— Qnp2ntl (Application of S — 1)

Example 2.10

Let G = ({S},{0,1},R,S) be a CFG.
Create the rules in R so that L(G) = {0?"13" | n € N}.
The rule is S — 005111 | € as can be seen from the following applications of the rule.
S — 005111 (1% application of S — 005111)
— 00005111111 (2" application of S — 005111)
— 000000S111111111 (3™ application of S — 005111)

— 02n§13n (n*" application of S — 005111)

— 021e13n (Application of S — ¢)
- 02n13n
Example 2.11

Let ¢ = ({5},{0,1},R,S) be a CFG.
Create the rules in R so that L(G) = {0?"*713"*9 | n € N}.
The rule is S — 005111 | 071° as can be seen from the following applications of the rule.
S — 005111 (1% application of S — 005111)
— 00005111111 (2" application of S — 005111)
— 000000S111111111 (3" application of § — 005111)



— 021513n (n*" application of S — 005111)

— 0%21071913" (Application of § — 071%)
— 02n+7 13n+9

Definition 2.12

LetG = (V,L,R,S) be a CFG.

Let Ry, Ry, Ry, -+ -+ R, and Q be rules in R where n > 1.

(Ri,Ry,R3, R,) and Q are equivalent if vu € (V U X)*, there exists v € (V U Z)* such

n,(R1,R2,*Ry)

that u =22 1 it and only if 1 = v

Proposition 2.13

A-
() A=S aifandonlyif A - ais a rule.
(if) If A does not appear in « and A does not appear in f and A - «a is a rule, then

A-
aAp =)>/x iff x =ayp.
<Proof>

A- A-
() IfA - aisarule, ede 2= eae and therefore, A =
A-
Conversely, if A = a, by definition A - «a is a rule.
A- A—
(i) If x = ayp, since A — y, by definition aApB =]>/ay,8. Therefore, aAB .

Conversely, if aAB gx, Juy, u, € (VU X)* such that a4Af = u,Au, and x = u yu,.
Since A does not appear in @ and A does not appear in 8, there is only one
appearance of A in aApS.

Therefore, there is only one appearance of 4 in u;Au,.

Therefore, (@AB = u,Au,) = (@ =uy & B = u,).

Therefore, x = ayp.

Proposition 2.14

(A— a) & (B — pB) are equivalent if and only if (A = B) & (a = ).
<Proof>

If (A — a) & (B — p) are equivalent,

Ao
A—a)=(4 = Q) (Proposition 2.13)

Since (A — a) & (B — pB) are equivalent, A Bé[i a.

There exist w;,w, € (V U X)* such that A = w;Bw, and a = w;Sw,.

A =w;Bw, = A = B since A and B are both variables.

A=wAw, = w; =w, = €.

Therefore, a = £.

Conversely, if (A=B) & (¢ =), (A — a) & (B — p) are the same rule and hence they
are equivalent.



Proposition 2.15
LetG = (V,L,R,S) be a CFG.

VA,BeVandx,y,z€ (VUX)", (A— xBz) & (B — y) are equivalentto A — xyz.

<Proof>

vu € (VU ZX), let

R, be A — xBz

R,beB —y

R; be A — xyz
2,(R1,R2)

If u :>v dw; € (V U Z)* such thatu:>w1:>v

Since u :>W1, u = a;Aa, and w; = a;xBza, for some a,,a, € (V U X)".
R

Since R, = (B — y), a1 xBza, = AXyZa,.

R
That is, w, = AXYZaA,.
2!(R1!R2)

Therefore, 3v = a;xyza, such that u ——v
R

Since R; = (A — xyz), a;Ax, = A LXyZay.

. R3
That is, u = a;xyza,.

R3
Therefore, u = v.

A R
Conversely, if u Sv,u= aAa, and v = a,xyza, for some ay, a, € (V U X)*".

Let w; = a;xBza,.
R

Since R, = (A — xB2z), a;Aa, = a,xBza,.
R

Since R, = (B — y), a1 xBza, = A XyZaA,.

Ry R;
Therefore, a;Aa, = a;xBza, = a;xyza,.
. Ry Ry
Thatis, u=w; > v.
2,(R1,R2)
Thatis,u —mv

Combining both directions, (R, R;) and R; are equivalent.

Proposition 2.16

LetG = (V,%,R,S) be a CFG.

(@) VA BEV,x,y,z€ (VUE),if A= xBz&B = y then 4 = xyz.
(b) Va,B,v,B' € (VUX),if g = B’ then aﬁy = af'y.

(c) Va,B,v,B '€ (VUD),ifB :>ﬁ then aﬁy:nxﬁ y.

(d) Letay,as, - an 1, B2 BuY1 V2 ¥n € VUL

If B; =>y; fori € {1,2,3,---n}, then a; B1a,B,a35 -+ ayfn = a1Y1A2Y2Q3Y3 "

In the special case of a; = a,, - = a, = €, B1S203 ---ﬁn;ylyzyg, “ Vn-
<Proof>
(a)

By Proposition 2.8 (i), (B = y) & (B — v).

By definition of derivation, xBz = xyz.

an)/n .



Therefore, A = xBz = xyz.
Therefore, A N XyZ.

(b)

Since = p',3p1,2€ VUL, A€eV,ne (VUZX) and arule A — n such that

f = 142, B’ = Binp;.
Therefore, afy = af; AR,y and af’y = afinf.,y.
Therefore, afy = apB'y.

(€)
Since > B', Iuqs,uy - u, € (VUX)" wheren > 0 such that
B=>u = u, =>u; U, =>u, = p".

afy = auyy (B = u; & (b))
= au,y (uy = uy, & (b))
= Quny (un—l = Up & (b))
=af’y (tn = f'- & (b))
Therefore, afy = aB'y.
(d) ) )
a1 B102B2a3PB3 *+ anfn :: A1 V102B20303 -+ anfPn (B1 :: y1 & (c)
= 01 Y102Y 233+ Anfn (B2=v2 & ()
> A1Y102Y2A3Y3 ** AnfPn (B3 > ¥s & (c))
> A1Y1A2Y2Q3Y3 " An¥n (B > Yn & (C))

Therefore, a,f1a;8,a33 +* anfin = A1V1Q2Y2A3Y3 " AnVn-
This completes the proof of Proposition 2.16.

L * *1 . "
By replacing = with = and = with =T>n we have the following proposition.

Proposition 2.17
LetG = (V,%,R,S) be a CFG.
*Ilm

(@ YA BeV,x,y,z€ (VU ingsz&Bgnythen A= xyz.
(b) Va, By, € (VUL), if B= B’ then aBy = aB'y.
(©) Va,B.y,p' € (VUL if f 25 B’ then afy =5 ap'y.
(d) Letay,ay, - an 1, B2 BuYu Vo ¥n € VUL
If B; gVi fori € {1,2,3,---n}, then a;f1a,B,a3P3 - anfn g“lh“ﬂzash

*,1
In the special case of a; = ay, - = a,, = €, B1S203 ---,Bn=r>ny1y2y3 Y.

rAplYn-



Proposition 2.18

LetG = (V,L,R,S) be a CFG.

A A, Ay, e A, €V, aq,ay, - apn, B1, B2, Bn € (V UZ)". )

If A — a;4181, Ay = a2A2B;, - Any — apApfn, then A= ay - ay_ 1@y Anfnfin_1 - Pi-
<Proof>

The proof is by induction on n.

(n=1)

If A — a,;A,B,, by Proposition 2.8 (i), A = a;A,f;.

Therefore, A N a,A1p;.

m=k+1,k=1)

Assume A — a1 A1 By, A1 — @407, -+ A1 — APy Ak — Ar14k+1Br+1-

By induction hypothesis, A > Qg A1 0 Ak PrBr-1 " P1-

Since Ay — ay414k+1Px+1, DY definition of derivation,

- Q-1 A ApPrBr—1 " b1 = A+ A1 A Uiy 1 A1 Pr+1BieBr-1 - Pa-

Therefore, A= a; - ag_1 @ AxBicBi—1 - P1 = @1 - A1 A Ak 1Ak 41 Bics1BcBr—1 -+ P

Therefore, A= a; - ap_1a, 41 Ak+1Br+1BrPr—-1 """ Pa-
This completes the proof of Proposition 2.18.

Proposition 2.19
LetG = (V,%,R,S) bea CFG,B€V,R;,Ry,Rg, - R, be rules in R where n > 0.
Let a;, ap, a1, a5 € (VUX)".

n'(leRZ""RTL) ’ ’ n!(RlvRZ""Rn) ’ ’ % B
If &y Ba, ——= a;Ba, then a;xa, —— ajxa; Vx € (V U X)* where the two B’s

in the two strings are the same B (Note that there can be more than one B in the string
a,Ba,) and B is not the head of any rule R; (i = 1,2, -+ -+ n).

(Note that when n = 0, the statement becomes

(a1Ba, = a;Bay) = (a;xa, = ajxa, Vx € (V U X))

<Proof>

Forn =0, a;Ba, = a;Ba;

Since the two B’s in the two strings are the same B, replacing them with x must yield two
equal strings.

Therefore, a;xa, = ajxa;.

Therefore, the statement is true for n = 0.

Forn =1, if a;Ba, g a;Baj,

Let A — a be the rule represented by R;.

By definition of yielding, 3uy,u, € (V U £)* such that

a,Ba, = u;Au, and a;jBa;, = u au,.

The B that appears in a; Ba, must also appear in u; Au,.

Since R;does not originate from this particular B, A and B cannot be the same object in
the string a; Ba, or u;Au, and hence there are only two cases to examine: B appears in
u, Or B appears in u,.
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(i) If B appears in u,
Let u; be the string obtained by replacing B in u; with x.
Since a;Ba, = u;Au,, replacing B with x on both sides would yield two equal strings.
That is, a;xa, = ujAu,.
Since a;Ba; = u;au,, replacing B with x on both sides would yield two equal strings.
That is, a;xa; = ujau,.

Ry . .
However, u;Au, = ujau, since A — «a is a rule.

Ry
Therefore, a;xa, = ajxa;.
Therefore, the statement is true for n = 1.
(ii) If B appears in u,, with a similar argument, we can show that the statement is also
true forn = 1.
With the results established on n = 0 and n = 1 and an induction argument, we can

conclude that for n > 0,

n,(RyRyRp) n(Ry,Rz2,Rp) , N
(t1Bay ———= a1Bay) = (t1xa, ——== ayxa;, Vx € (V U X)")

Proposition 2.20

IfG = (V,%,R,S) is a CFG and there exist uy, u,, - u, € (VUZX)*, w € £* such that
S=uy =>u, =u; = U = - = u, = w, then

The # of variables in u,. < the # of steps remaining from u, to w.
<Proof>

Let n be the number of steps remaining from u,. to w.
n=k+1-r

We’'ll prove this proposition by induction on n.

(Forn =1)

r=k

Therefore, u, = u, = w.

Since y, = w, 3a,L,y € (VU X)" and a rule A — y such that
u, = aAp and w = ayp.

Sincew € X%, a,f € X".

Therefore, u;, has only one variable.

Therefore, u,- has only one variable.

Therefore, # of variables in u,. < the # of steps remaining from u,. to w.
(For induction)

The # of steps remaining from u,_; towisn+1=k+2 —r.
Since u,_; = u,, 3a, L,y € (VU X)" and arule A — y such that
U,_, = aAp and u, = ayp.

Let m be the number of variables in u,_;.

# of variables in u, = m — 1 + (# of variables in y) > m — 1.

By induction hypothesis, # of variablesinu, <n=k+1—r.
Therefore, m — 1 < # of variablesinu, <n=k+1—-r.
Thereforee m—1<k+1-r.

11



Thereforee m<k+2—r.
Therefore, number of variables in u,_; < # of steps remaining from u,_; to w.
This completes the proof of Proposition 2.20.

Example 2.21.

Let G = (V,%Z,R,S) be a CFG and there exist uq, u,, - u; € (VU X)*, w € £* such that
S u = u, = uz - = u, = - = u, = w. Show that the statement

(# of variables in u,. = the # of steps remaining from u,. to w) is not always true.

(Hint: Consider V = {S,A,B,C},2 ={a,b,c},R ={S — AB,A— C,C — ¢,B — b} and
S—AB A—C C—c B—b
S =—= AB == (CB = cB==c¢b.)

Definition 2.22

Va,B € (VUZX)", ais asubstring of 8 (written as a = B) if 3a’, a" € (V U X)* such that

B =a'aa”. a'is called the left complement of « in 8, written as LC(a). a" is called the
right complement of « in 8, written as RC(a).

Proposition 2.23

For any strings a4, a,, u such that a;, @, = u, if a; £ a,, then
() LC(ay) = LC(a;) & LC(ay) -r = LC(a,) for some string r
(i) RC(ay) = RC(ay) & L+ RC(ay) = RC(ay) for some string L.
<Proof>

a; Cu = u = x;a,y, for some strings x,, y;.

a, Cu=u=x,a,y, for some strings x,, y,.

x1 = LC(ay) ; y1 = RC(ay).

x; = LC(az) ; ¥2 = RC(ay).

a; C a, = a, = rayl for some strings r & [.

Therefore, u = x,a,y, = x,ra;ly,.

Since u = x,a,y;, X1,y; = x,raqly,.

Therefore, x; = x,r and y; = ly,.

Therefore, LC(a;) = LC(ay) -r and RC(a;) =1 - RC(ay).
Therefore, LC(a,) = LC(a;) and RC(a,) = RC(ay).

This completes the proof of Proposition 2.23.

Definition 2.24
For any strings a4, a,, u such that a,, @, = u, a; is said to be on the left of «, if there exist
strings x,y, z such that u = xa;ya,z.

Proposition 2.25

Let G = (V,%,R,S) be a CFG.

Letuy = uy = uy, = ug - = u,, where ugy, uy, Uy, us - uy € (VUZX)".
Let0<i<j<n.

If a; = u;, then 3@, q, @iy, @ Where a;q © Uiy, @iyp T Upyp, -+ @ © u; SUCh that
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M Az A3 Aj-i
A = Uy = Ajyp = Ajypg = = Qq; where Ay Ay, eeeeee Aj—i € {0,1}

*
Hence, a; = «; in no more than j — i steps.

a; is called the (j — i)-step expansion of a; within the derivation of v, > u, and itis
written as a; = Expan(a;,j — i).
<Proof>
Letk =j— 1.
1<k<n
This proposition can be proved by induction on k.
(k=1):
j=i+1
Since u; = u;4q, 3, B,y € (VU X)" and arule A — y such that
u; = aAp and u; ., = ayp.
Since a; = u;, 3a’, B’ € (VU Z)* such that u; = a'a;B’.
(i) fAc a
Ja”,B" € (VU X)) suchthat a; = a""AB".
w=aaB =aa’AB"B’.
Also, u; = aAp.
Therefore, aAp = a’'a” AB"B’.
Therefore, a = a’a’ and g = B"'B’.
Since w1 = ayB, ui = a’a’’yB"p’.
Take a;,; = a"yB".
Since a; = a"AB" and A — yisarule, a; = a;;4.
(i) If A is not a substring of «;
Since u; = aApB and a; = u;, either a; = a or a; = .
Since u;,; = ayf, a = u;,, and B = u;, 4.
Therefore (q; Caora; C ) = a; C Ujpq.
Take a;,1 = «;.

0
Therefore, a; = a; 4.

A
Combining (i) and (ii), a; = a;,, where 4, € {0,1}.

(Induction):
By induction assumption,
M Az A3 Aj-i
A D Uiy = Ajyp = Ajyg e == a; where 11,12, """ Aj—i € {0,1} and

Aip1 & U1, Xigp & Ujgp, - @ & U
Since q; C u; and u; = u;,4, by applying the same argument as in the case of (k = 1),

Ais
. j—i+1
we can find a;,, = u;,, such that ¢ = «a;,, where 1;_;,, € {0,1}.

A A A3 Aoi Ajoinn
We now have a; = a1 = ®jp2 = Ajypz = aj = a;4+, Where

Ay, Agy oo AjcpAj—iv1 €{0,1} and g T Uy, Qg T Ujyp, o @) T Uj, Qjyg © Ujyq.
This completes the proof of Proposition 2.25.
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Proposition 2.26

LetG = (V,%,R,S) bea CFG.

Letuy = uy = uy, = ug - = u,, where ug, uy, uy, uz --u, € (VUZ)".
Let0<i<j<n, a cuw,a; Cu;, a =Expan(a;,j — i) & aj = Expan(a;,j — i).
If a; is to the left of a; within u;, then a; is to the left of a; within v;.

<Proof>

Letk =j—1.

0<k<n.

We can prove this proposition by induction on k.

(k=0)

jEi=>a =a &a;=aq.

0 0
Therefore, a; = a; & a; = an.
a; = Expan(a;, 0) and a; = Expan(«;, 0).
a; is to the left of a; = q; is to the left of a;.
The statement is true for k = 0.
(Induction)
Induction Hypothesis:
(a; is to the left of @}) = (a;, is to the left of a/, ).
Since a;, is to the left of a;,,, there exist x,y,z € (V U £)* such that
Uik = XAy Y412
Since u;,x = Uj+x+1, there exists a rule A — y such that
Uipge = QAP & Ujyp4q = ayYP.
We now have five situations to examine: Ac x,Ac a;,, ACy,AC aj,,,ACz.

() Acx
RC(A) =1-RC(x) (Proposition 2.23)
B =1 ayyai,z (RC(A) = B, RC(X) = aj kY @i 41 2)

Uisirr = ayf = aylai kY iy, z.
Take @ p41 = Aipp ANA Qjypeiq = Ay
Therefore, a;, :0> Qirksr & Aiy :0> Ayt
In addition, u; k41 = aVIAi1kr1 YA 4 ps12.
Therefore, a;, 41 is to the left of a4, -

(i) A aj
Ja’, B’ € (V U X)* such that
ajx = a'AB’
Uiy = X4 YAy Z = X' AB'yai, 2
Since ujy, = aAB, a = xa' & B = B'ya; 2.
Therefore, w41 = ayB = xa'yB'ya; 2.
Take ajypr1 = A'VB' & Qiypyr = Ay
NOW, Ui tps1 = XQiqk41Yirks12-
S0, @ k41 IS to the left of a4 q-
In addition, a;,, = a;, 1+, because a;,, = a'AB' & aj 41 = @'YB'.
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0
AlSO, @,y = @i pyq DECAUSE Q1 4yy = Ay

(A y
With a similar argument as in (i), we can show that 3a;, 41, @j k41 IN Uipk+1 SUCh that
2 vy

Airr = Aisksr & Ajp = X141 Where 1,4’ € {0,1} and
@irre1 1S to the left of a;,jy -

(VA ajyy
With a similar argument as in (ii), we can show that 3a;, 41, @4 x4+1 1N Ujrre1 SUCh that
2 A

Qirr = Aisksr & Ajp = A4, Where 1,4’ € {0,1} and
@irrsq IS to the left of a;,py -

VVAcz
With a similar argument as in (i), we can show that 3a; 41, ;441 IN Uirreq1 SUCh that
2 i

Qs = Aivkr1 & Ay = Ay Where 4,2° € {0,1} and

®iirs1 1S to the left of a; jyq-
Combining all (i) to (v) and the induction hypothesis, we now have:
If @; is to the left of a; within u;, then ;. is to the left of a;, ., Within u; ;4.
This completes the proof of Proposition 2.26.

Proposition 2.27
Let G = (V,%,R,S) bea CFG.
Letuy = uy = - = U; = Ujypq " = Uy, Where ug, uq, - U, Ujpg Uy € (VUE) &
0<i<n
Let ai,ﬁi S (V V) E)*
If a;8; = u;, then Expan(a;f;,1) = Expan(a;, 1)Expan(B;, 1).
<Proof>
Since a;f; = u;, u; = xa;f;y for some x,y € (V U X)*.
Since u; = u;4q, 3, B,y € (VU X)" and arule A — y such that
u; = aAp & u;jq = aypf.
Since A c u; & u; = xa;B;y, we have four cases to examine:
Acx, Aca,ACc B, ACy.
() Acx
x = x'Ay' forsome x',y' € (VU X)".
w; = xa;fiy = x' Ay’ a;py.
Since u; is also equal to aApB, aAB = x'Ay'a;B;y.
Therefore, a = x" and B = y'a;B;y.
Since w1 = aypB, w1 = x'yy'a;fiy.
Now we have a;, B;, a;B; © u; & a;, B, aiff; E Ujyq.
In addition, «; %ai, Bi %ﬁi, a;f; :0> a;B;.
Therefore, Expan(a;B;, 1) = a;B;, Expan(a;, 1) = a; and Expan(f;,1) = B;.
Therefore, Expan(a;B;, 1) = Expan(a;, 1)Expan(B;, 1).
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(i) Ac q;
a; = x'Ay’ forsome x',y" € (VU X)".
Since u; = xa;f;y, u; = xx'Ay'B;y.
Since u; = aAB, aAB = xx'Ay'B;y.
Therefore, a = xx" and g = y'p;y.
Since u;.; = ayB, uj4, = xx'yy'B;y.
Leta;pq = x'yy'. Then u;,q = xa; 1By
Since a; = x'Ay’ and A — yisarule, a; = a;,;.
Since a; = u; and @; 1 C Uj4q, Expan(a;, 1) = a;44.

Since B; = u; and B; = u;,, and B; :0>ﬁl-, Expan(p;, 1) = B;.
Since a; = x'Ay’, a;f; = x'Ay’'p;.
x'Ay'B; = x'yy'B; because A — y is a rule.
Therefore, a;8;, = x'yy'p;.
Therefore, a;8; = a;41B; (airr =x"vy")
Since a;f; = u; and ;11 f; T Uiy, Expan(aifi, 1) = aj4 ;.
Therefore, Expan(a;f;,1) = Expan(a;, 1)Expan(f;, 1).
(i) A = B;
With a similar argument as in (ii), we can show that
Expan(a;f;,1) = Expan(a;, 1)Expan(f;, 1).
(iViIAc y
With a similar argument as in (i), we can show that
Expan(a;B;,1) = Expan(a;, 1)Expan(f;, 1).
This completes the proof of Proposition 2.27.

Proposition 2.28
LetG = (V,%,R,S) bea CFG.
Letuy = u; = - = u; - = uy,, where uy, uqg, - u;, U, E VUL &0<i<n.
(1) For0<k<n-—i,
Expan(ailal-2 .y, k) = Expan(ail, k)Expan(aiz, k) Expan(aim, k) where
ailaiz aim C u;.
(i) If uy = X1 X5 - X;,, where X4, X, X, EVUXE &u, =w € X", then
Aw;, w, -+ w,, € L* such that X; =*>wi in no more than n steps &
W = WiWy = Wy,.
<Proof>
(i)
Claim.
Va;,; € VUX) suchthatg;f;cu;and0 <k <n-—i,
Expan(a;f;, k) = Expan(a;, k)Expan(B;, k)
This Claim can be proved by induction on k.
(k =0)
Expan(a;f;, 0) = a;p;.
Expan(a;,0) = a; and Expan(p;,0) = B;.
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Therefore, Expan(a;B;,0) = Expan(a;, 0)Expan(;,0).

The statement is true for k = 0.

(Induction)

Induction Hypothesis:

Expan(a;B;, k) = Expan(a;, k) Expan(B;, k) where

Expan(a;f;, k), Expan(a;, k), Expan(B;, k) = u; k.

Expan(a;B;, k + 1) = Expan(Expan(a;f;, k), 1)
= Expan(Expan(a;, k)Expan(B;, k), 1) (Induction Hypothesis)
= Expan(Expan(a;, k), 1)Expan(Expan(B;, k), 1) (Proposition 2.27)
= Expan(a;, k + 1)Expan(B;, k + 1)

This completes the proof of Claim.

The proof of (i) is by induction on m.

(m =1)

LHS = Expan(a;q, k).

RHS = Expan(a;q, k).

Therefore, the statement is true for m = 1.

(Induction)

Induction Hypothesis:

Expan(a; a;, - a; , k) = Expan(a;,, k)Expan(a;,, k) -+ Expan(a;,, k).
Expan(ozilai2 e @ k) = Expan(aila:l-2 ey, k)Expan(al-mH, k) (Claim)
= Expan(al-l, k)Expan(aiz, k) Expan(a:l-m, k)Expan(al-mH, k) (Induction

Hypothesis)
This completes the proof of (i).
(ii)
Seti =0 & k = n for the result in (i).
o, = X1, Ao, = X3, g, = X
Ug = X1Xp  Xoy = @, p, A
Therefore, ay, ao, *** ag,, = Up.

m

By (i), Expan(a01a02 aom,n) = Expan(aol,n)Expan(aoz,n) Expan(aom,n)
Therefore, Expan(X,X, -+ X,,,n) = Expan(X,,n)Expan(X,,n) --- Expan(X,,,n).
Expan(X,X, -+ X, n) = Expan(ug,n) = u, = w.

Therefore, Expan(X,,n)Expan(X,,n) --- Expan(X,,,n) = w.

Therefore, Expan(X;,n) = w; for some w; € £*, i € {1,2,---n}.

Therefore, w = wyw, - w,,, &

X; = w; in no more than n steps.

Proposition 2.29
LetG = (V,L,R,S) beaCFG,a,f e (VUX)", XeVandw € X*.

If aXpB :*>w, then X = w’ for some w’ € 3.
<Proof>
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dn > 1 such that aXf Sw.

Expan(aXpB,n) = w.

Expan(a,n)Expan(X,n)Expan(B,n) = w (Proposition 2.28)
Expan(X,n) = w' for some w' € &*

X >w' for some w' € * (Proposition 2.25)
This completes the proof of Proposition 2.29.

Example 2.30

Prove that the non-regular set A = {a™b™| n > 0} is a CFL.
<Proof>

LetG = (V,%,R,S) be a CFG such that
V={§},2={a,b},R={S — aSh,S — €}.

In short form, S — aShl|e.

Claim 1.

1
lfS’;aVnz 0 where a € (V' U X)*, then

1
Jy € (V U X)* such that S;y andy=aandy = a"Sbh".
Claim 1 can be proved by induction on n.

Forn=0,ifS é a, by definition, 3y € (V U £)* such that S :O>y and y :1> a.
Therefore, S =y.

Therefore, y = a®Sb°.

Therefore, the statement is true for n = 0.

Assume the statement is true for n = k for k > 0.

A k+1 k 1
That is, (s=>a) - (Ely €E(VUX) suchthat S>y&y=>a&y = a"Sb") for k > 0 and
@€ (VUI).
k+2

Forn=k+ 1, assume S = a.
By definition, 3y’ € (V U X)* such that
k+1 1
S=y'andy'=a.
k 1
By induction assumption, 3y € (V U £)* such that S=y and y =y’ and y = a*Sh*.
Since there are only two rules in R, namely S — aShor S — €.

1 S—
If we use S — e ony=>7v’, then a*Sh* :§y’.
By Proposition 2.13 (i), y’ = a®eb* = a*b*.

: . . 1 : .
This contradicts the conclusion y’ = a we derive above because a*b* does not contain a
variable.

Therefore, we must use rule S — aSh.

S—aSb
Therefore, y —vy'.

S—aSb
Therefore, a*Sb* :ay’.

Again by Proposition 2.13 (i), y' = a*aSbb* = a**1Sp¥k+1,
This completes the proof of Claim 1.
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. n+1
Claim 2. S=a"b™" Vn = 0.
S—
Forn=0,S e by Proposition 2.13 (i).

1
Therefore, S = a®h° and hence the statement is true for n = 0.

For n > 1, by Proposition 2.13 (i) & (ii),
S—aSb S—aSb S—aSb S—aSb
> > a2Sh? ——= a35h3 -+ -+ —— a"Sh™".

aSh
Therefore, S = ansp.

S—
In addition, a™Sb™ SR by Proposition 2.13 (ii).

Therefore, 57;1 ab™.

This completes the proof of Claim 2.
It remains to show that L(G) = A.
UEA = u=a"bh"

n+1 .
=S=u (by Claim 2)
= u € L(G)
Conversely, if u € L(G), u € £* and

n+1
S = u for some n > 0.

1
Jy € (V U X)* such that S;y andy=uandy = a"Sh™ by Claim 1.

S—aSb S—
Since there are only two rules in R, either y —uor y=>€u.
S—aSb
(r=—4)
S—aShb
= (a”Sb” — u)
= q"t1spntl =y (Proposition 2.13 (ii))
= a contradiction to u € X*.

S—
Therefore, we must use y =§u.
S—
Therefore, a™Sh™ g
aeb™ = u by Proposition 2.13 (ii).
Therefore, u = a™b™ and hence u € A.
Combining both directions, L(G) = A.

Before proceeding to the proof of some important theorems in CFG, we need to review
some Tree terminology and Graph Theory. The readers are assumed to have some
background in the subject matter and the following are stated without proof.

T1. Atreeis adirected acyclic graph (DAG).

T2. Trees are collections of nodes and edges.

T3. If (4, B) is the directed edge from node A to node B, A is called the parent and B
is called the child.

T4. A node has at most one parent, drawn above the node and zero or more children,
drawn below.
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T5.

T6.

T7.

T8.
T9.

T10.
T11.

T12.

T13.

There is one node that has no parent. This node is called the root and appears at
the top of the tree. Nodes that have no children are called leaves. Nodes that are
not leaves are called interior nodes.

A simple directed path from v, to v, is represented by (v,, v4, vy, -** v,,) Where
(vi,viz1) With i € {0,1,2,---n — 1} are directed edges joining the nodes,

Vo, V1, Uy, U, Of the tree and v; # v; for i # j. The length of the simple directed
path is equal to the number of directed edges connecting the nodes vy, v4, v,, - 1,
and is equal to n in this case.

For any two nodes A and B, if there is a simple directed path from Ato B, B is a
descendant of A and A is the ancestor of B. Since every simple directed path
from A to B must pass through a child of A, there is simple directed path from one
of A’s children to B.

There is a unique simple directed path from the root to any other node.

Let d(r,l) = the length of the path from the root r to a leaf . The height of the tree
is defined as h = Max{d(r,l)|r = root;l = a leaf}. Therefore, the height of a tree
is the longest path from the root to a leaf.

The length of the path from the root to a node v is called the level of v.

The simple directed path from an interior node to a leaf is called a branch. The
combination of all branches is the largest subtree with the interior node as the
root. The length of any branch is no longer than the height of the subtree which in
turn is no longer than the height of the parent tree.

The children of a node are ordered from left to right. If node A is to the left of
node B, then all the descendants of A are to be to the left of all the descendants of
B at the same level.

A subtree is a tree of which the vertices and edges are also the vertices and
edges of the parent tree. If a subtree has a leaf, the leaf is also a leaf of the
parent tree.

Definition 2.31
For any context-free grammar, G = (V,X%,R,S), a parse tree for G is a tree that satisfies
the following conditions:

(1)
(it)
(i)

(iv)

Each interior node is labeled as a variable in V.

Each leaf is labeled either as a variable in VV, a terminal in X or €.

If an interior node labeled A (a variable) has children X3, X,, X5, -+ X,, where
X;eVuUZXforie{l.2--n}, then

A— X X,X5-- X, isaruleinR.

If an interior node labeled A (a variable) has € as a child, then ¢ is the only child of
Aand A — eisaruleinR.

Note that any subtree of a parse tree is also a parse tree.

Definition 2.32

20



The yield of a parse tree is the concatenation of all the leaves of the tree from left to
right.

Theorem 2.33
LetG = (V,%,R,S) be a CFG. The following statements are equivalent.
(1) 3 a parse tree with root A € V and a yield w € Z*.
*,[
(i) A=Sw,wez".
(i) A>w,wez*
<Proof>
“(i) = (i)’
This can be proved by an induction on the height of the tree in statement ().
Let h (= 1) be the height of the parse tree in statement (i).
“h — 1!’

The parse tree looks like the following figure.

Figure 2.1
A

) ¢10, CHITIIETIT (RPN diiny '@
X, €EVUZU{e)

By definition of parse tree, A — X;X,X5; -+ X,, isarule in R.

By Proposition 2.8(i)), A = X;X,X5 - X,,.

Therefore, A :*>X1X2X3 o X

The yield of this tree is X, X, X5 -+ X,, which is equal to w by statement (i).

Therefore, A Sw.

Since A is the only variable in the string A4, it is therefore also the leftmost variable in the
string A.

*,1
Therefore, A “w.
Hence, the statement “(i) = (ii)” is true for h = 1.
“Induction”
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Let k be an integer such that k > 1.

Induction Hypothesis:

The statement “(i) =(ii)” is true for any parse tree with height h if h < k.

Consider now a parse tree Pt(A4,w, k + 1) that has root 4, yield w and a height of k + 1.
This parse tree looks like the following figure.

Figure 2.2
Parse Tree Pt(A,w,k+ 1)

) Wi Wn-1 Wn

X; €V UZ, w; = yield of the subtree with root X;, height of parent tree = k + 1.

W = WyWy s W = Wy 1 Wy

vie{1,2,--n}, X; EVUZL
There are 2 cases to examine.
(a.) Xi EX
X; = w; for some w; € .
X; :0> w;.
X; > w;.
X; gwi (X; is the only variable in the head)
Furthermore, since X; € Z, X; = w; is a leaf.
Therefore, w; = w.
(b) X; eV
By T11 and T13, the combination of all branches of X; forms a subtree of Pt(4,w, k +
1) and every leaf of the subtree is also a leaf of the parent tree.
Let w; be the yield of X;.
By definition of yield, every symbol in w; is a leaf and therefore a symbol in w.

Therefore, w; = w.
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Sincew € ¥, w; € L".
Claim: w = wywy, - wy,.
By T12, w; is to the left of w; for i < j since X; is to the left of X;.
Therefore, w = xow;x;w, -+ wyx,, Where x, x4, - X, € Z*.
Let [ be a symbol in w.
lis aleafin Pt(A,w,k + 1) because w is the yield.
By T8, there is a simple directed path from A to L.
By T7, there is a simple directed path from X; to [ for some i € {1,2,---n}.
Since [ has no children, [ must be a leaf descendant of X;.
Therefore, [ is a symbol in w; because w; is the yield of the subtree with root X;.
Therefore, [ is a symbol in w = [ is a symbol in w; for some i € {1,2,---n}.
Therefore, |w| < |wyw, - wy,|.
Therefore, |xowix,w, - wyx, | < [wyw, - wy|.
Thismeansthat xy = x; = =x, = €.
Therefore, w = wyw, -+ wy,.
Now, back to the subtree with root X; and yield w;.
The height of this subtree = the length of the longest branch in the subtree
= the length of a simple directed path in the parent tree
from X; to a leaf [
= the length of a simple directed path in the parent tree
from A to a leaf [ minus 1 (By T7 & X; is a child of A)
< the height of the parent tree minus 1
=k+1-1
=k

*,1
By induction hypothesis, X; =7>nwi.

*,1
Combining (a) & (b), we now have X; =T>nwi foralli € {1,2,---n}and w = wyw, - wy,.
For the parent tree Pt(A,w, k + 1),
A= X X, X3 X, (Proposition 2.8(i))

l
AD X, X, X5 X,y (4 is the only variable in the head)

H *’lm “ge
Since X; = w; and by Proposition 2.17,
*lm
X1X2X3 ...Xn =W Wy e Wy,
lm *,lm
Therefore, A= X, X, X5 - X, = wiw, -+ wy,.
*,lm
A= wyw, - wy,.
. *lm
Sincew =wyw, - w,,, A= w.

The statement “(i) = (ii)” is true for h = k + 1.

This completes the proof of “(i) =(ii)".

“(ii) = (iii)”

The proof of this statement is trivial because every leftmost derivation is a derivation.

“(iii) =(i)”
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Since A =*>w, In > 1 such that A Sw. (Note that n # 0 because A € Vand w € £*.)
The proof of this statement, “(iii) =(i)”, is by induction on n.

(n=1)

Aw,, wy Wy, € Zsuchthatw = wyw, -w,, & A = wyw, - wy,.

By Proposition 2.8(i), A — wywy - wy,.

The following is a parse tree with root A and yield w.

Figure 2.3

W1 Wloo-ooo 00 200 000 000 s00 oolonowm

w; €Xforalli€{1,2,:--m}

Therefore, the statement is true forn = 1.
(Induction)

Induction Hypothesis:

Let k be an integer such that k > 1.

Foranyn <k,if A -ﬁ>w, then 3 a parse tree with root A and yield w.

Now, considern = k + 1.
k+1

IfA=w,

Juq, uy, U, € (VU Z)" such that
A= U = uy - = U, = w.

3X;, X5, X, € VUZsuch that u; = X;X, - X,
Therefore, X1 X, - X, = uy -+ -+ = U, = w.

By Proposition 2.28(ii),

n; .
X; = w; with n; < k and wyw, - w,,, = w.
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By induction hypothesis, 3 a parse tree with root X; and yield w; which looks like the
following figure.

Figure 2.4

X;

We now can construct a parse tree, Pt(4,w, k + 1) as follows.
(1) Start with a one level parse tree that has root A and yield X, X, -+ X,,, that looks like
the following figure.

Figure 2.5

A

) CREEED, CRTTRITRITRIPRITRITRPTRRRITRIIRITD. ¢

(2) Foreachi € {1,2,---m}, if X; € X, set X; = w; for some w; € X.
If X; € V, add the parse tree as shown in Figure 2.4 to the parse tree as shown in
Figure 2.5. The resulting tree would look like the following figure.
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Figure 2.6
Pt(A,w, k + 1)

A

W1 W2 46 060 200 a8 S G0 408 se s Wm

Clearly, this tree (Pt(4,w, k + 1)) with root A is a parse tree since the one level tree
and all the subtrees with root X; and yield w; are parse trees.

In addition, since wyw, ---w,,, = w, the yield of this parse tree is w.

Therefore, the statement “(iii) =(i)” is true forn = k + 1.

This completes the proof of “(iii) =(i)” and also the proof of Theorem 2.33.

2.2 Chomsky Normal Form (CNF)

Definition 2.34

LetG = (V,%,R,S) be a CFG.

G is in Chomsky normal form if very rule of G is of the following form:
A — BC where AeV and B, CeV\{S}

A—a where aeX

S—e€ where S = Start Variable

Lemma 2.35

For every CFG G = (V,%,R,S), there is a CFG G' with no e-rule (A — € where A # S) or
unit rule (A — B where A, B € V) such that L(G) = L(G").

<Proof>

We can inductively construct a new set of rules, R’ using the following procedure:

(i) Copy all the rulesinR to R'.
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(i) f B#S,A— aBBand B — eareinR’, create A — apf inR’.

(i) IfA— Band B — y areinR', create A — y in R'.

We can further assume that R’ is the smallest one of all the sets that can be thus created
because we can always rename the smallest one to R’ knowing that the minimum exists.
LetG' = (V,%,R",S).

It's clear from construction that R C R

Therefore, every derivation in G is a derivation in G' and hence L(G) c L(G').

On the other hand, every new rule that is created in G’ is equivalent to the two rules that
it is created from by Proposition 2.15 and therefore, every derivation in G’ can be
simulated by either the same rules or equivalent rules in G.

Hence, L (G) C L(G).

It remains to show that all the € and unit rules in G’ are redundant for the production of

any x € L(G'").
Since L (G) = {x € " | S = «}, knowing that minimum derivations exist, we can assume

every derivation of x € L(G") is the one of minimum length.

*,G'
Claim 1. Any derivation S = x does not use an e-rule.
<Proof of Claim 1> Assume for contradiction that B — ¢ where B # S is used at some

point of the derivation.
*,G’ .
S = x can be rewritten as
G’ 1,6" %G’
S=yB§=yd=xwherey,§ € (VUZX)".
This B must have been generated at an earlier point of the derivation in the form of

1,6’
nA6 = naBB6 where n,a,B,60 € (V UX)*.

*,G' .
Therefore, S = x can be further rewritten as

! !

m,G' 1,6’ nG' , ,
S=—=nA6 = naBf0 = yBS = yd = x where k,m,n > 0.

G’ . D . : -
(Note that naBS6 n:yBS is a derivation in which the rule in each step does not originate
from this particular B.)
Since A — aBp and B — € are in R', by construction (ii), A — af isin R'.

1,6’ ) . L
Therefore, nA8 = naB0 is a valid production in G'.

.G’ . .
Furthermore, since naBB6 n=>yB6, by Proposition 2.19, we can substitute e for B to
obtain the following valid production in G':

nG'

nafo =vys.
If we apply these two new productions at the corresponding points of the original

derivation of x, we have the following valid derivation:
m,G' 1,6’ nG' kG’
S=nAb = nafl =yd = x.

We note that this new derivation of x has a length of k + m + n + 1 which is shorter than
the original one of k + m + n + 2.
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This contradicts the assumption that the original derivation is of minimum length.

*,G' A
Claim 2. Any derivation S = x does not use a unit rule.
<Proof of Claim 2> Assume for contradiction that a unit rule A — B is used at some

4

point of the derivation S = x.

We can rewrite this derivation as
G’ 1,6’ G’
S = aAf = aBf = x.
This B must be eventually gotten rid of before reaching the final product of x € £* and the

production that we need for getting rid of B is:

1,6’
nBO = ny6 where B — yisarulein G'.

* G’
We can now I’veIte S = x as

G' 1,6’ k,G'
S=>aAﬁ=>aBﬁ=>nB(9 =y = x.

SinceA— Band B — yarerulesinR', A— yis arule in R’ by construction (iii).

!

1' - - . -
aAB = ayp is a valid production in G'.

G’ iy ,
Furthermore, since aBf n=>nBt9, by Proposition 2.19, we can substitute y for B to obtain
the following valid production:
n,G’
ayf = ny6.
By applying these two new productions at the corresponding points of the derivation of x,

we have the following derivation:

mG' 1,6’ n,G' kG’
S=aAp = ayf =yl = x.

This new derivation has a length of k + m + n + 1 which is shorter than the original one
ofk +m+n+ 2.

This contradicts the assumption that the original given derivation of x is of minimum
length.

Combining Claim 1 and Claim 2, we can conclude Lemma 2.35.

We now examine a method for converting a CFG into one in Chomsky Normal form.

Definition 2.36 (The Method (M))

From every CFG, G = (V,%,R,S), that doesn’t have e-rules or unit rules, we can construct

aCFG,G' = (V',Z,R',S) using a method called Method (M) as described in the following

steps:

Step 1
For every a € %, create a variable A, and a rule A, — a. Note that 4, is a newly and
uniquely created variable such that A, ¢ V and A, # 4, for any a, b € X such that
a#b.

Step 2
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Vr € R, r can be expressed as A — u u, - u, where A €V, uy,u,,-u, EVUZI &
k > 0. Create a set of rules (called P(r)) and a set of nodes (called V (r)) according
to the following steps:

(i)

(ii)

(i)

Fork =10

r becomes A — €.

Since R doesn’t have any e-rule, except S — €, A must be equal to S and r
becomes S — e.

Copy S — € into P(r).

In this case, P(r) ={S — e} ={r}and V(r) =0

Fork=1

r becomes A — u,.

Since R doesn’t have any unit rule, u,; € X.

Copy r into P(r).

In this case, P(r) ={A > w,} ={r}and V(r) = @

Fork =2

r becomes A — u u,.

If uy, u, €V, copy rinto P(r). In this case, P(r) = { A — wu,} = {r} and
Vi) =9

Ifu; € X &u, €V, create A — U, u, and add this rule and U,,, — u, to P(r).
Add U, to V(r).

(Note that U,,, — u, was created in Step 1 above).

In this case, P(r) = {A — Uy, uy, Uy, = u;yand V(r) = {U,,}.

Ifu; €V & u, € X, create A — u,U,, and add this rule and U,, — u, to P(r).
Add U,, to V(r).

(Note that U,,, — u, was created in Step 1 above).

In this case, P(r) = {A — uU,,, Uy, — u} and V(r) = {U,,}.

If both u,,u, € X, create A — U, U,, and add it along with U,,, — uy, U, — u,
to P(r). Add U, , Uy, to V(7).

(Note that U, — u, and U,,, — u, were created in Step 1 above).

In this case, P(r) = {A — Uy, Uy,, Uy, — uy, Uy, m ux}and V(r) = {U,,, Uy, }.

(iv) Fork =3
Figure 2.7
/ / / ......... Ulyuk_l
—>A2—>A3—>A4 ......... g —*y,

As depicted by the above figure, create the following rules and add them to P(r).
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Step 3

A— U4
A; — UzA,
Ay — U3Az

A > Upp14i44

Ag—z = Up_1Ux

where A4, A,, -+ A_, are variables newly and uniquely created for each r and
therefore, they are notin V.

Foranyi € {1,2,3,--k}, ifu; €V, U; = w; and if u; € X, set U; = U,, and add
Uy, — u; to P(r). Add U, to V(7).

(Note that U,, — u; for each u; € X were created in Step 1 above).

In this case, P(r) includes all the rules:

A — U A4

Ay — U4,

Ay — Us4z

Ai = Uir14in
Ag—z = Up—1Ux
and the rules U,, — u; for any u; € X whereas

V(r) = {Uy|w; €S} U{4li = 1,2, k — 2}

Set

V’=VUUV(r)

TER

and
R = UP(r)

We note the following properties of the rules created by Method (M):

N1.
N2.

N3.
N4.
N5.

NG.

All the rules in R" are in Chomsky Normal Form.

For any r’ € R', there exists r € R such that r’ € P(r). Furthermore, P(r;) # P(r)
forany r;,, € R such that r; # r,.

For any r € R, r is equivalent to the rules in P(r) by Proposition 2.15.

V and U,cg V(r) are disjoint. ThatisV n U,z V(r) = 0.

For any r’ € P(r), either Head(r") = Head(r) or Head(r") ¢ V. Or equivalently,
Head(r') €V = Head(r') = Head(r).

vr' € P(r), if |Body(r")| = 2, then r’" is unique for P(r). Thatis,

r' & P(ry) for any r; € R such that r # r;.
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N7. Ifk=0or|Body(r)|=0,P(r)={S —>e}={r}and V(r) = 0.
N8. Ifk=1or|Body(r)|=1,P(r)={A— u;}={r}andV(r) = @ where u,; € X.

We now have the following theorem.

Theorem 2.37

Every context-free language is generated by a CFG in Chomsky normal form (CNF).
<Proof>

Since every context-free language is generated by a CFG, we need to show that every
CFG can be converted to an equivalent CFG in Chomsky normal form.

Also, because of Lemma 2.35, we can start with a CFG that has no e-rule (A — e where
A # S) orunitrule (A — B where A,B € V).

Let G = (V,%,R,S) be the CFG that has no e-rule or unit rule except § — e.

LetG' = (V',Z,R’,S) be a CFG constructed from G by use of Method (M).

In the following, we shall show L(G) = L(G") by showing x € L(G) <& x € L(G") Vx € ¥,
"= " (If x € L(G))

*,G

S=x.

Ar, 1y, 1, T, Ther € R @nd uqg, uy, - uy, - u, € (VU 2X)* such that
71,G 72,G ri,G ™,G Tn+1,G

S=u1=u2 ...... ui—1=ui”"“=un=x'

By N3, forany i € {1,2,---,n + 1}, r; is equivalent to a sequence of rules from P(r;) which

is a subset of R’.

P(r),G"  P(rp)G’ P(r),G’ P(rp).G'  P(rns1).G’
Therefore, S > Uy > Uy oo e U == Uj " > Uy, 3

Note that uy, uy, - u;, - u, € (V' U2X)* because V c V'.

!

Therefore, S =G>x
Therefore, x € L(G").
‘<" (If x € L(G"))

*,G’
S=x.

By Theorem 2.33, 3 a parse tree (in G') with root S € V' and a yield x € Z*.
Let’s call this parse tree (T").
By definition of parse tree, S and its children must be the head and body of a rule in R'.
Let’s call this rule r' and hence Head(r') = S.
By N1, " must be in one of the following forms:

e S—e€

e A—a wherea € X, AV’

e A— U U, whereAeV' U,U, € V'\{S}
Ifr'is S — ¢, € is the only child of S.
Since € has no children and x is a descendant of S, this is possible only if € = x.
Furthermore, by construction of (M), S — € in R’ is created from S — € in R.
Therefore, S — e is also arule in R.

1,G - .
Therefore, S = €. (Proposition 2.8(i))
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1,G
Therefore, S = x.

Therefore, S gx

Therefore, x € L(G)

If r"is A — a, since S = Head(r"), S = A.

Therefore, r' is § — a and S has only one child which is a.
Since x is a descendant of S and a has no children, a = x.

By construction of (M), A — a in R is created from A — a in R.
Therefore, A — a is also arule in R.

Therefore, S — x isarule in R.

1,G L. .
Therefore, S = x. (Proposition 2.8(i))

Therefore, S =C>;x
Therefore, x € L(G).
Ifr'isA— U,U, whereA eV’ U, U, € V'\{5}
Since Head(r') =Sand S €V, Head(r') € V.
Since Head(r') = A, A =S.
Therefore, r' becomes S — U,U, where U, U, € V'\{S}.
By N2, 3r € R such that r' € P(r).
Letr be A" — uju,---u, where A" €V, uy,uy,--u, €VUDZI.
By N5, Head(r') € V = Head(r') = Head(r).
Therefore, S = A'.
Therefore, r becomes S — uju, -+ uy.
We now analyze the different situations for different values of k.
If k =0, r becomes S — e.
By construction of (M), P(r) = {S — €}.
Sincer' € P(r), r'isS — €.
This contradicts the underlying assumption that ' is A — U,U, where A€ V', U;,U, €
V'\{S}.
Therefore, k cannot be 0.
If k =1, r becomes S — u,.
Since R doesn’t have any unit rule, u; € X.
By construction of (M), P(r) = {S — u,}.
Therefore, r' is S — u, where u,; € 2.
This contradicts the underlying assumption that ' is A — U, U, where A€ V', U;,U, €
V'\{S}.
Therefore, k cannot be 1.
Therefore, we can exclude the cases of k € {0,1} under the assumption that r’ is
A — U,U, where A € V', Uy, U, € V'\{S}.
If k = 2, r becomes S — u,u,.
By construction of (M), P(r) is one of the following:

(i) P(r) ={S - wu,}ifu,u, €V

(i) P(r) ={S = Uy u, Uy, D w}ifu; EX&u, €V
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(i)  Pr)={S >wlUy, Uy, D u}ifu; EV&u, €X
(iv)  P(r)={S— Uy Uy, Uy, —u,U,, > u}ifu;,u, €X

For (i), r' is S — uyu,.

In this case, r and r' are the same and the sub parse tree in (T") with root S and children
uy, u, as shown on the right of the following figure can be replaced by a parse tree in ¢
with the same root and children as shown on the left.

Figure 2.8

uq Uu; uq Uz
(r) (r')

For (ii), v’ is either S — U, u, or U, — u.
However, since Head(r') = S whichisinV and U,, € V, r’ cannot be U,, — u;.

r' mustbe S — Uy, u,.
By N3, S — w,u, is equivalentto S — U, u, and U, — uy.
We have the following equivalent parse trees with the same root and yield.

Figure 2.9

U EX,u €V

u, Uz ug u;

()

The one on the left is a parse tree in G whose root and its children are the head and
body of a rule in R whereas the one on the right is a sub parse tree of (T").
Therefore we can replace a sub parse tree of (T") with an equivalent parse tree in G
whose root and yield are the head and body of a rule in R.
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For (iii), by a similar argument, we have the following equivalent parse trees with the
same root and yield.

Figure 2.10

u1€V,u2€Z

S S

/N /\

Uy u; Uy U.

(r)

2

U;
(r')
The one on the left is a parse tree in G whose root and its children are the head and
body of a rule in R whereas the one on the right is a sub parse tree of (T').
Therefore we can replace a sub parse tree of (T") with an equivalent parse tree in G
whose root and yield are the head and body of a rule in R.

For (iv), by a similar argument, we have the following equivalent parse trees with the
same root and yield.

Figure 2.11

Uq, Uy €EX

uq u;
(")

The one on the left is a parse tree in G whose root and its children are the head and
body of a rule in R whereas the one on the right is a sub parse tree of (T').
Therefore we can replace a sub parse tree of (T") with an equivalent parse tree in G
whose root and yield are the head and body of a rule in R.

Ifk>3,7risS — ujuy - u.

P(r) consists of the following rules:
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S — U4
A, — UyA,
Ay — UzA;

A = UipqAigq

Ag—z = Up_1Ux

Uy, = u; ifu; €L Vi€ {1,23,- k}

where U; = w; ifu; € Vand U; = Uy, ifu; € X.

Since Head(r') =S, r'is S — U;A;.

Since (T') is a parse tree of G', by definition of parse tree,
U,A; are children of S.

U,A, are children of 4,.

U;A; are children of A,.

Ui-,U, are children of A _,.

By N3, r is equivalent to the sequence of rules contained in P(r).
Therefore, we have the following equivalent parse trees with the same root and yield.

Figure 2.12

uiEVUZ

Aiq
Uu/\qi
rd
u;
Ap—2
Up-1 Uk

where U; = u; ify; € V.
Ifu; € %, U; = Uy, and add Uy, — ;.

The one on the left is a parse tree in G whose root and its children are the head and
body of a rule in R whereas the one on the right is a sub parse tree of (T').
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Therefore we can replace a sub parse tree of (T") with an equivalent parse tree in G
whose root and yield are the head and body of a rule in R.
Combining all cases, we conclude that there is a sub parse tree in (T") with root S that
can be replaced by an equivalent parse tree in G whose root and yield are the head and
body of a rule in R.
We can write thisrule inR as S — w u, --u, Wwhere k >0andu; e VuXfori € {1,2,- k}
(@) If all u;’s are terminals
In this case, u u, - u; = x, the yield of the parent tree (T").
The reason is that a leaf of a subtree is also a leaf of the parent tree.
Therefore, u; = x Vi € {1,2,--- k}.
On the other hand, if [ is a leaf in x, there is a simple directed path from S to L.
This simple directed path must pass through one of the nodes u,, u, --- u; because
u u, - Uy is the yield of a sub parse tree in (T") which is obtained by branching
out from S in all possible directions.
Therefore, [ must be one of the nodes uq, u, -+ uy.
After replacement, we now have a new tree which is a parse tree in G, and
furthermore, the root and yield of this tree are respectively S and x.

By Theorem 2.33, S =>G X.
Therefore, x € L(G).

(b) If some u;’s are variables
For each u; that is a variable, we can repeat the above replacement process to
replace the sub parse tree (with root u;) in (T") with a parse tree in G whose root
(u;) and the root’s children are the head and body of a rule in R.
Since every time we do a replacement, we get down to a lower level of (T") and
since the height of (T") and the number of subtrees of (T") are both finite, this
process of replacement must come to a stop after a finite number of operations.
When this happens, we have a new tree in which every interior node and its
children are the head and body of a rule in R. This means that the new tree thus
created is a parse tree in G.
Furthermore, this replacement process only affects the nodes which are variables.
Therefore, the yield of (T"), namely x, is untouched and remains at the bottom
after the replacement is complete.
This means that x is also the yield of the newly created tree.
We now have a new tree with root S and yield x and the tree is also a parse tree
inG.
By Theorem 2.33, S =G> X.
Therefore, x € L(G).

Combining (a) and (b), we complete the proof of Theorem 2.37.

On the basis of Theorem 2.37 and the results proved in Lemma 2.35, we can now
develop a set of operational rules for the conversion of a CFG to one in CNF.
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LetG = (V,%,R,S) be the CFG to be converted.
LetG' = (V',%,R',S,) be the CFG to be created in CNF.

CR - 1.
Create S,

— S and additto R’'.

(Note that this creation will ensure that the start variable will not occur on the right hand
side of a rule.)

CR — 2. (Elimination of e-rules)

If 3 arule B— €in R, do the following:

()

(ii)

For every rule in R in the form A — u;Bu,BuszBuy -+ -+ Up_1BuyBuy4q
(1) For each single occurrence of B, on the RHS, create a rule with that occurrence
deleted and add it to R'.
For example, A — u u,BuzBuy «+ - Up—1BUup By q
A — uBuyuzBuy - Up_1Bu,Bu,,q

A — uBuyBuzBugy -+ Up_1Buyuniq
(2) For each group occurrence of 2 B’s on the RHS, create a rule with that
group occurrence deleted and add it to R'.
For example, A — u u,uzBuy - -+ Up—1BUupBlUyyq

(n) For each group occurrence of n B’s on the RHS, create a rule with that
group occurrence deleted and add it to R'.
For example, A — ujuyusuy -+ - Up—q UpUppq-

Repeat (i) until all rules of the form of B — € are eliminated.

CR — 3. (Elimination of unit rules)
If3 rules A — B and B — u in R, do the following:

(i)

(ii)
(iii)
(iv)

Create A — uand additto R'.

Copy B —utoR'.

Do notcopy A — BtoR'.

Repeat (i) and (ii) until all unit rules of the form A — B are eliminated.

CR — 4. (Conversion of remaining rules)
For every remaining rule Ain R, A — uquy -+ u, Where eachu; e VUZ fori €

(1,2,

Create in R’ the following sequence of rules and add the corresponding created variables

toV':
A— U4

A; — U3A;
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Ag—z = Up—14k-1
Ag—1 — Uy
where Ui =U; if u; € V and if u; € Z, add Ui — U;.

Example 2.38

Let G = (V,%,R,S) be the CFG consisting of the following rules:
S — ASA|aB

A — B|S

B — ble

Convert Gto G' = (V',%,R’,S,) in CNF.
Step 1. (Applying CR —1.)

So—S

S — ASA|aB

A — B|S

B — ble

Step 2.(Removing B — € using CR — 2)
So— S

S — ASA|aB|a

A — B|S|e

B—b

Step 3 (Removing A — € using CR — 2)
So— S

S — ASA|aB|a|SA|AS|S

A — B|S

B—b

Step 4 (Removing S — S because of redundancy)
So— S

S — ASA|aB|a|SA|AS

A — B|S

B—b

Step 5 (Removing S, — S using CR — 3)
Sy — ASA|aB|a|SA|AS

S — ASA|aB|a|SA|AS

A — B|S

B—b

Step 6 (Removing A — B using CR — 3)
Sy — ASA|aB|a|SA|AS

S — ASA|aB|a|SA|AS

A — bl|S

B—b

Step 7 (Removing A — S using CR — 3)
S, — ASA|aB|a|SA|AS

S — ASA|aB|a|SA|AS

A — b|ASA|aB|a|SA|AS

B—b
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Step 8 (Conversion of remaining rules into CNF)

. Sy — AA;
SlnceSO—>ASA<:>{A1 s 5A
S — AA,
Ay — SA

SO_>UB
andSO—>aB<:>{ Uoa’
S — UB

U_)a,and

S—>ASA<:>{ andS—>aB<:>{

A — AA,
A; — SA
the rules in R’ now become
So — AA;|UB|a|SA|AS

S — AA,|UB|a|SA|AS

A — b|AA;|UB|a|SA|AS
B—b

A; — SA

U—a

A — UB
U—a

A—>ASA<:>{ andA—>aB<:>{

Example 2.39
Convert S — aSb|e to CNF where S € V and a, b € £ and show that there is more than
one way of deriving the string a?b? using rules in CNF.
Conversion of rules.
S — aSb|e
& S — aSblab
is — ASB|AB
(=4

A—a
B—b
{S—)AC|AB;C—>SB

A—aB—b
Derivation of a?b?
There is more than one way of deriving the string a?b?. Below are a few examples.

. S—AC C—SB A—a B—b S—AB A—a B—b

(1) > AC > ASB > aSB > aSh > aABb = aaBb = aabb.
.. S—AC C—SB S—AB A—a A—a B—b B—b

(i) S > AC > ASB > AABB — aABB — aaBB — aabB — aabb.
S—AC C—SB S—AB B—b B—b A—a A—a

(i) S== AC == ASB —— AABB =— AABb —> AAbb = Aabb = aabb.

2.3 Pushdown Automata (PDA)

Pushdown automata is another kind of nondeterministic computation model similar to

nondeterministic finite automata except that they have an extra component called stack.

The purpose of the stack is to provide additional memory beyond what is available in
finite automata.

Pushdown automata are equivalent in power to context-free grammars which will be

proved later. In addition to reading symbols from the input alphabet X, a PDA also reads

and writes symbols on the stack. Writing and reading on the stack must be done at the
top. Either symbol from input or stack can be € thereby allowing the machine to move
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without actually reading or writing. Upon reading a symbol from the input alphabet, the
PDA decides to make one of the following moves on the stack before entering the next
state:
(i) Replace
Replace the symbol at the top of the stack with another symbol. This move is
referred to as the “Replace” move.

(i) Push
Add a symbol to the top of the stack. This move is referred to as the “Push”
move.

(iii) Pop

Erase or remove a symbol from the top of the stack. This move is referred to as
the “Pop” move.

(iv) Untouched
Do nothing to change the stack. This move is referred to as “Untouched” move.

A PDA is formally defined as follows.

Definition 2.40
A PDAis a 7-tuple, M = (Q,%,T,38,q,, L, F) where Q,%,T & F are finite sets such that

(@) Q is the set of states

(b) Z is the input alphabet

(c) T'is the stack alphabet

(d) §:Q x X, x T, — (Q X T,) is the transition function

(e) qo € Q is the start state

() L €T isthe initial stack symbol signaling an empty stack

(g) F c Q is the set of accept states.
M computes as follows.
Letw = wyw, ---w,, where w; € X, for1 <i <m.
M accepts w iff Iry, 1, - 13, € Q @and sy, s -+ s, € I'* such that the following conditions are
satisfied:

() ry=gqgoandsy,=_L

(i) (riy1, by) € 8(ry,wiyq,a;)) for 0 < i <m —1where q;, b; € I, and s; = a;t;,

S;+1 = b;t; where t; € "

(i) n, EF
When m = 0,w = € and only conditions (i) and (iii) are valid which then becomes r, = q,
and s, = L andr, € F.
Therefore, we define a PDA to accept e whenever the start state is also an accept state
and the stack is signaled to be empty.

Wi ,ai—>bi,6 .- . .
If we write r; ————— 13, , for (1144, b;) € 8(r;, wis1, a;), conditions (i), (i) and (iii) can be
written as follows:

W1,a90—bo,6  Wz,a1—bq1,6 Wit1,a;—b; 6 Wm,dm-1—bm-1,6
do =10 L6} TV —— > Tig1 " T T T € F.
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When there is only one transition function under consideration, the showing of § in the
computation is usually omitted and the following shorthand is used instead:

w1,a0—by  Wz,a1—b; Wit1,0;—b; Wm,am-1—bm-1
qo =10 £} Ty 1y ———Ti41 " Tm-1 T Tm € F.

%8 _
For simplicity, we sometimes can use the notation q, e 1, tO represent a computation
of w from g, to n,, without showing the intermediate states.

We now can use the transition function to describe the four basic moves of the PDA as
mentioned above:
() Replace

a,b—c

r — r' signifies a replacement of b by ¢ at the top of the stack upon reading
symbol a from input.
(i) Push

a,e—cC

r — r' signifies adding the symbol c to the top of the stack upon reading
symbol a from input.

(i) Pop
r e r' signifies removing the symbol b from the top of the stack upon reading
symbol a from input.

(iv) Untouched
a,e—e

r — r’ signifies nothing is done to change the stack upon reading symbol a
from input.

€,E—€

We further note that when a = €, r —— r’ signifies a change of state from r to r’ with no
input read and no change made to the stack.

Example 2.41
LetM = (Q,%,T,8,q,,L,F) be a PDA where
Q ={91,92,93, 94}, Z = {0,1}, T = {0, L, $}, F = {q4, q4} with the following state diagram:

M recognizes the language {0"1"| n > 0}.

If the stack is signaled to be empty at the beginning, M accepts the empty string

(e = 0°19), because ¢, is both a start and accept state. Furthermore, if the input string is
not empty at the start state, the PDA would not read anything from the string except to
push $ onto the stack.

M accepts the string 0313 with the following computation:
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€,e—% 0,e—0 0,e—0 0,e—0 1,0—€ 1,0—€ 1,0—€ €,$—€
a1 q2 qz qz q2 qs qs qs qa, q4 € F.
Note that the above illustration is not a proof that M recognizes the language

{0™"1"| n = 0}. To make such a proof, one must argue that every string of the form 0"1"
is accepted by M and every string accepted by M is of the form 0™1™.

Note also that the steps g, == q, and g5 A q. can be replaced by g, “ q, and
€,E—E€

q; — q, to transition to another state without making a change to the stack.

Example 2.42
LetM = (Q,%,T,8,q,,L,F) be a PDA where

Q ={91,92, 93,94, 95,96, 97}, = = {a,b,c}, T = {a, 1,$}, F = {q4, q;} with the following state
diagram:

M recognizes the language {a'b/c*|i,j,k = 0and i = j or i = k}.
M accepts the empty string (e = a®b°c?) with the following computation:

€,e—$ €,6—¢€ €,$—€
q1 q2 qs qs, G4 EF.
M accepts the string a?b?c3 with the following computation:
E,E—>$ a,e—a a,e—a €,E—E b,a—»e b,a—»e E,$—)E C,E—E€ C,E—E€ C,E—/E€
q1 q> q: q: qs qs qs 44 44 qa qs,
qs €EF.
M accepts the string a?b3c? with the following computation:
€,6—% a,e—a a,e—a €,6—€ b,e—e€ b,e—e€ b,e—e€ €,6—€ c,a—€ c,a—€ €,$—¢€
q1 qz qz qz ds ds ds qs de de de q7,
q; €F.
€,e—$% €,$—€
Note also that the computations q1 —— (2, 3 — 4, and g, el q; can be replaced by
€,E—E €,E—€E

q. — g, and g3 — q, and q, == q, to transition to another state without making a
change to the stack.

Example 2.43
LetM = (Q,%,T,8,q,,L,F) be a PDA where
Q ={91,92,93, 94}, £ = {0,1}, T ={0,1, L, $}, F = {q4, q4} with the following state diagram:
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0,e—=0
1,e—1

£,8—E

0,0—&
1,1—&

M recognizes the language {ww?| w € {0,1}*}.

If the stack is signaled to be empty at the beginning, M accepts the empty string
(e = eeR), because ¢, is both a start and accept state.

M accepts the string 001100 with the following computation:

€,6—% 0,e—0 0,e—0 1,e—1 €,6—€ 1,1—e€ 0,0—e¢ 0,0—€ €$—e€
a1 qz qz q2 qz qs qs qs qs qs, q4 € F.
€,e—% €$—¢€ €,e—€
Note also that the steps q; — g, and g; — q, can be replaced by q; — g, and

€,E—E€

q; — q, to transition to another state without making a change to the stack.

Instead of writing symbols one at a time to the stack, we can actually design PDAs which
can write a string of symbols to the stack in one step. These PDAs are called extended
PDAs. It turns out that the two kinds of PDAs are equivalent in power in that given one,
we can construct the other such that the two recognize the same language. The
equivalence of these two kinds of PDAs will be proved later.

Definition 2.44
An extended PDA is a 7-tuple, My = (Q,%,T, 8, q0, L, F) where Q,%,T & F are finite sets
such that
(a) Q is the set of states
(b) X is the input alphabet
(c) T is the stack alphabet
(d) 5:Q x =, x T, — (Q x I'*) is the transition function
(e) qo € Q is the start state
(f) L €T isthe initial stack symbol signaling an empty stack
(g) F c Q is the set of accept states.
M computes as follows.
Letw = wyw, ---w,, Where w; € X, for1 <i <m.
M accepts w iff Ary,r; -+ 1, € Q and sy, s; +++ s, € '™ such that the following conditions are
satisfied:
() ry=qoandsy, =L
(2) (1141, by) € 8(r;, wisq,a;)) for 0 < i <m —1where a; €T, b; ET* and s; = a;t;,
Si+1 = biti where t; € r*
(3) n,€F
When m = 0,w = € and only conditions (i) and (iii) are valid which then becomes r, = q,
and s, =_Landr, €F.
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Therefore, we define the extended PDA to accept e whenever the start state is also an
accept state and the stack is signaled to be empty.

. Wit1,8;—b;,8 A » o
If we write r; ———— 7;,, for (1141, b;) € 8(r;, wisq, a;), conditions (i), (ii) and (iii) can be
written as follows:

W1,a0—>b0,5 W2,a1—>b1,5 Wi+1,ai—>bi'3 Wm,am_1—>bm_1‘3
o =To &1 ol —Tiy1""" Tm—1 T Tm € F.
When there is only one transition function under consideration, the showing of 6 in the
computation is usually omitted and the following shorthand is used instead:

w1,a0—by  Wz,a1—b; Wit1,0;—b; Wm,am-1—bm-1
do To &1 LA Tit1 """ Tm-1 TmyTm € F.
w,x,6

For simplicity, we sometimes can use the notation g, — 1, to represent a computation
of w from g, to r,,, without showing the intermediate states.

Theorem 2.45
For any extended PDA, (Mg), there is a PDA (M), such that L(Mg) = L(M) and vice
versa.
<Proof>
(A) Construction of M from M.
Let Mz = (Qg, 2T, 8, q0, L, F) be an extended PDA.
Construct PDA, M = (Q,Z%,T, 8, q,, L, F) where Q and § are to be defined as follows.
For every (q,a,s) € Qg X 2. X I, we define §(q, a, s) as follows.
() 1f8(q,a,5) =0, 6(q,a,s) =0.
(i) If 6(q,a,s) # @, 3 at least one (r,u) € §(q, a,s).
Let 8,(q,a,s) = {(r,€)|(r,€) € 5(q,a,s)}.
V(r,u) € 3(q, a,s) where (r,u) € Qg xI'andu # €, Juy,uy---u; €T, 1 > 1 such
that u = wyu, - u;.
(Note that none of uy,u, - u; is €.)
Create new states q, g5, *** q;—; that satisfy the following conditions:

q—25 q, (by making (g1, ;) € 6(q,a,s))

a0 Se Ul > (by making 6(q;,€,€) = {qz,u;-1})
q; mﬁ qs (by making 6(q,, €,€) = {q3, u_2})
Qi1 sl (by making 6(q;-1, €, €) = {r,uy})

Note that the states g, q,, :** q;—; thus created are not in Q; and that

6(q;,a,s) = @ for any other combinations of (a,s) # (¢,¢) and i € {1,2,---1 — 1}.
Note also that there can be more than one set of states q4, q,, -** q;—1 and stack
symbols u4,u, -+ u; to be created from each combination of (g, a, s) because
there can be more than one (r,u) € §(q, a, s) based on which the states and the
stack symbols are created.
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Let 6,(q,a,5) = Ugryes(qasi(9u)} where u = wyup w121, u; € T'and
q, 1s created from (ii) above.
Let 6(q,a,s) = 8,(q,a,s) U b,(q,a,s).
For each (g,a,s,7,u) € Qp X . X I x Qz x I'*, where (r,u) € §(q,a,s) and u # €,
define
Q(q,a,s,r,u) ={q;|]1 <i<1—1;l&q;are created from (ii); (r,u) € 5(q,a,s);u # €}
(Note that gq; € Q(q,a,s,r,u) = q; € Qg.)
Let P(q,a,s) = Urw)ed(q.a,s)use Q(q,a,s,7,u)
Set Q = Qr U (Uggas)eoexzexre P4, . 5)).
So, M = (Qr U (Ugaseoexzexr. P(0,a.5)), 5T, 6,40, L, F).
The construction is now complete and it remains to show that L(Mg) = L(M).
Suppose w € L(M).
dw;, w, - wy, € E, such thatw = wy,w, ---w,, where n > 1.
Ary, 1y -1, € Q, a;, b; € T, such that

w1,a0—bo,6  wz,a;—b1,6 Wi+1,a;—Db; 6 Wn,an-1—bn—1,6
o =To &1 Tyl Ty Ty~ Ty, T EF.

Claim:
VOo<i<n-1,ifr, € QL then

Wit1,a;—U6

Jjandu €l suchthati<j<n,n———nandw, =€efori+2<k <j.
<Proof of Claim>

Wi+1,a;—Db; 6

From r; 1141 in the given computation, it follows that (r;,4,b;) € §(r;, wiiq, a;).
By assumption, r; € Q.
By construction (i), §(r;, wiy1, a;) = 61(ry wizr, @) U 85 (ri, wisq, a;)-
Either (ri;1,b;) € 81(ry wigy1, @) OF (g1, by) € 82(ry wiyq, ).
(@) If (riy1, b)) € 61(ri wigy, @)
Since 8, (r, wi1,a) = {(1, €)|(r, €) € §(ri, wis1,a)}, b, = e and
(ris1,€) € 8(ry wigs, a).

i+1,4;—€0

Therefore, r; Yl Tit1-

Sincei<i+1<nande €TI" Claimis proved by takingj =i+ 1andu =e€.
(D) If (ri41,b;) € 82(r;, Wiy, ;)

Since 6, (r, wipr, a;) = U(r,u)ES(ri,WHl,ai){(QLul)}1 (ri+1vbi,) = (g1, w;) for some

(r,u) € §(r;, w1, a;) where u = uqu, - u;, I > 1, u; € I'and g, is created from

construction (ii) above.

Therefore r;,; = q, and b; = u;.

Wit1,0;—b; 6 Wit1,a;—Up,8
r, ————5 17,1 NOW becomes r; ——— 1, ;.

Wit2,8i+1—bit1 6 . . .
Furthermore, from r,,; ————— ;. in the given computation, we have
(Tis2,big1) € 6(rig1, Witz aip1) = 6(q1, Witz i41)-
Since §(qq,a,s) = @ for all (a, s) # (€, €), we must have w;,, = a;,; = €.

Therefore, (ri+2’bi+1) € 6(611, €, 6) = {(qz,ul_l)}.
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Therefore, 1;,, = q, and by, = u;_1.

Wit2,8i41—bi41,6 €€—u_1,6
Tiyq ———————— T4, becomes 1y, ——— 1745.

By repeating the above argument, we can obtain the following computation:

Wit1,a;—U8 €,€—U_1,0 €,€—>U]_5,0 €,6—>Uq,0
T Ti+1 Tiv2 Tiv3  Tivt-1 = > Ti+l-
where 111 = qq, Tiv2 = Q2 Tipi-1 = Qi1 Tir = 7 ANA Wiy = Wiyz - = Wiy = €.
Letj=i+1.
rj= l+1=TandTEQE=>T]EQE
AISO, Witr = Wiz * = W] = E.
(r,w) = (1, u).

Since (r,u) € 5(r,, Wi, @), (15, u) € S(ri,wiﬂ, a;).
Wis1,ai—U0

Therefore, r, ——— ;.

[Z21=i+l>i=j>I.

Assume for contradiction that j > n.

i<n<j-1.

i<n<i+l-1.

Therefore r, € {riy1, Tiva, Ti3 - Tivim1} = {41, 92 430 411 -

This implies r, € Qg, which is a contradiction because r,, € F and F c Q.

Therefore, i < j < n.

Claim is also true under condition (b).
Combining (a) and (b), we conclude the proof of Claim.
Since r, = qo € Q, we can apply Claim on r, to obtain j, such that

W1,d0—Uo,0 . .

0<josniw,=ws=--=w, =€1——1;, With 7j, also in Qg and u, € I'".
Since r;, € Q,, we can again apply Claim on r;, to get r;, such that

. . Wjo+1,@jo ;o0 . .
0<jo<Jj1 SN Wjy2 =Wj43 =W, =€ 1, —————1;, Withr; alsoin Qg &u;, €T".
By repeating this process a number of times, we will obtain 0 < j, < j; < <jmog <jm <n
such that

W1G0—Uo8  Wjot1,@jp—Ujo,8 Wi 1418 ™ Wjm_q

o o T s
Ug, Ujy - Uj,  ET.
Since n is finite, this process of creation must stop at some point and at this point,
Jm = 1.
Therefore, Mg accepts wyWj 4 1Wj, 41" W), +1-
By Claim, we have

Ti where
m

W2:W3:-..:Wj0:6
Wjo42 = Wjg43 " = Wj, = €
Wi 42 =W 43 =W = € where jm=n

Therefore, wywj ,1Wj 41 Wj 41 = WiWy =Wy, = W.
Therefore, My accepts wy,w, - w,, = w.
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(B)

Therefore, w € L(Mg) and hence L(M) c L(Mpg).
Conversely, assume w € L(Mg).
Arg, 111 €EQg; a; ET,, by €Tl for0<i<n-—1;w,w, w, € X, such that
w=w;w, - w, and
W1,a0—bo,8  Wy,a,—b1,8 Wiy1,a;—b; 8 Wn,Qn_1—bn_106

do =10 L6} Tyl Ty ey Ty, R EF.
Since Qg € Q, 1,11 1, € Q.
Forall0 <i<n-—1, (1;,1,b;) € 6(rpywip1, a) = §(riywipy, a;) # 9.
[If b; = €]
(Ti+1,€) € 8(ry Wi, a)
By construction (i), 8;(r, w1, a;) = {(r,€)|(r,€) € (i, wiry, a)}-
Therefore, (1;41,€) € 6;(r;, wizq, ;).
Also by construction (ii), 6 (r;, wir1, ;) = 81(r;, wigq, @) U 8, (r, wisq, ;).
Therefore, (1;41,€) € §(r;, wiyq, ;).

Witq,a{—€,6
Therefore, r; ——— > 1744.

Wit1,%,6
Therefore, r; —— 1744

[If b; # €]
3b;(1),b;(2) - b;(1) € T, I = 1 such that b; = b;(1)b;(2) -+ b;(]).
By construction (ii), 3q4,92, - q;—1 € Q such that
Wit1,a;—b;(1),6
nn——————— 0

€,e—b;(l-1),6
Q—q2

€e—bi(1-2),8
Q—4q3

€,e—b;i(1),6
Q-1 — 2 Tit+1-

Wit1,%5,0
Therefore, r; —— 1,4

Combining both cases of [b; = €] and [b; # €], we have

Witq,%0 N
n——nr forall0<i<n-1.

Therefore,

w158 wy,x6 Wiy1,%6 Wn,*8
Qo=To——>1 — T j —Tjpq Ty — Ty, I, EF.

Therefore, M accepts wyw, - w,, = w.

w € L(M).

L(Mg) c L(M).

This completes the proof of L(M;) = L(M) for the construction of M from M.
Construction of Mg from M.

Let M = (Q,%,T,68,q,, L, F) be a PDA.

Construct My = (Q,%,T,8,q,, L, F) where

5:Q x 2, xT. — p(Q x ') such that

v(q,a,s) €EQx 2. xT.6(qas)=25(qas).

(Note that this is possible because I, c T'*.)
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It remains to show that L(Mg) = L(M).

Letw =w,w,---w, Wwherew; €eZ . forl1<i<né&nz=1.
Suppose w € L(M).

Arg, 11 €0Q, a; €T, b; €T for 0 < i <n— 1 such that

W1,a0—>b0,5 Wz,a1—>b1,5 Wi+1,ai—)bi‘6 Wn,an_1—>bn_1‘6
o =To L& Pyl T4 Ty T, €F.

For0<i<n-1,
Wit1,a;—b; 6

since r; Tiv1r (g1, b)) € 6(ry wigy, ap).
since 6(r, wiy1, a) = 8(ri, wiyr, @), (v, bi) € 6(ry, wiry, @).

Wir1,a;—b; 8 ,
Therefore, r; ———— >, for0 <i<n-—1.

Therefore,
W1,a0—>b0,3 Wz,a1—>b1,3 Wi+1,ai—)bi‘8‘ Wn,an_1—>bn_1‘8
o =To £} Tyl ———— Ty Ty~ Iy, T, EF.
M accepts w.
w € L(My).

L(M) c L(Myg).
Conversely, suppose w € L(Mp).

W1,a0—>b0,3' W2,a1—>b1,3 Wi+1,ai—>bi‘g Wn,an_1—>bn_1,3
qo =To &1 Tyl ————— T Ty ———————— Ty, i €F,
where a; €T, b; eT*for0<i<n-—-1.

. Wit1,0;—b; 6 a
For0<is<n-—1,rn——>51,, = (i1, b)) € 8(r;, wipy, ay).

Since &(ry, wir1,a) = 6(ryy Wis1, @), (Tip1, by) € 8(ry wigs, @),
Wit1,a;—by 6

Therefore, r;
Therefore,

W1,a0—bo,6  wz,a1—b1,6 Wit+1,0;—b; 6 Wn,Qn—1—bn-1,6
= ey — 5 7. ves N
do To 41 T2 T Ti+1 """ Th-1 Tt € F.

Therefore M accepts w and hence w € L(M).

Therefore, L(Mg) c L(M).

This completes the proof of L(M;) = L(M) for the construction of My from M.
Combining (A) and (B), we conclude the proof of Theorem 2.45.

rigiforo<i<n-—1.

Now that we have proved the equivalence of PDA and extended PDA, we shall no longer
distinguish between M and M; or between § and 5. From here on, we shall be using
extended PDA exclusively because it is a much more convenient tool for solving
problems. We shall be using M and § for all PDAs with the understanding that the PDAs
that we are dealing with can write a string to the stack in one single step.

Definition 2.46 (Configurations of a PDA)

A configuration of a PDA,M = (Q,%,T, 6, qy, L, F) is an element of Q x £* X I'* describing
the current state, the portion of the input still unread and the current stack contents at
some point of a computation. For example, the configuration

(p, baaabba, ABAC1) describes the situation as shown in the following diagram.
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albl|bla
—

Qi

4

Note that the portion of the input to the left of the input head, namely abab, has been
read and cannot affect the computation hereon.

The start configuration on input w is defined as (qy, w, L). That is, the PDA always starts
in its start state q,, with the input head pointing to the leftmost input symbol and the
stack containing only the start stack symbol L.

1,M . M .
The next-configuration relation (denoted by — or simply — ) describes how the PDA
moves from one configuration to another in one step. It is formally defined as follows.

Definition 2.47
LetM = (Q,%,T,6,q0, L, F) be a PDA.
Vp,q EQ,a€X Al ,yeX,Lel,yeTl”,
a,A—vy,6 def 1,M
(p — q) = | .ay,AB) — (4, 5,vB) |-
For any configurations C, D of M,
o,M def
(C—>D)<=>(C = D).
n+1,M def nM 1,M
(c=>p)=(3EC-E&ESD).

(Cﬂu)g(an > OC%D).

Proposition 2.48
LetM = (Q,%,T,8,qy L, F) be a PDA.

For any w = wyw, -+ w,, where wy,w, ---w,,, € X., M accepts w iff (qo, w, L) i (q,¢€,y) for
someqgeFandy er”.

<Proof>

By Definition 2.44, M accepts w = wyw, - wy, iff 3rg, 1y -1, € Q, a; €T, b; € I'* for

0 <i<m-—1such that

w1,a9—by  Wz,a1—b; Wit1,a;—b; Wm,am-1—bm-1
=7 e Vo ooo ) —mmmm 7 e 1 _— 7, F
do 0 1 2 i i+1 m—1 miTm € I'.
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By Definition 2.47, each one-step transitional movement is equivalent to one step of
configuration movement.
Forall 0 <i <m— 1, 3 configurations C; and C;,, such that

Wit1,8;—b; LM
(Ti E— Ti+1) = (Ci — Ci+1)

The above transitional computation is equivalent to

1M 1M 1,M 1,M
Co—mC—CC—=CiyqCpg > Cpy, i €F.
X nM
Thatis, Cy,— C,,,, 1, € F.
*M

Thatis, Cy— Cp,, 1,y € F.
Since Cy, = (qq,w, L) and C,, = (r;,, €, ¥) Where y € I'* is the final stack content, we have

* M
(qo,w, L) = (T, €,7), T € F.

* M
Therefore, (qo,w, L) — (q,€,y) forsome g € F and y € T,
This completes the proof of Proposition 2.48.

Proposition 2.49

LetM = (Q,%,T,6,q0, L, F)and M' = (Q',%,T',6',q5, L', F") be two PDAs such that
QcQ',TcrI'and

6'(q,a,A) =6(q,a,A)V(q,a,A) € Q XX, X T,.

Vp,q € Q,u,v € X" and a, B € I'*, the following statements hold:

@ [puo@vp]=|eua 6]

nM nM'

® [Gua™@v.n| e |euo™ G| orayn=zo
<Proof>
(a)

1,M a,A—vy,6
(p,u,a) > (q,v,f) ®p——qwhereu=av,a€X, a=A4An, L =yn, A€l y,n €T,
SinceQcQ',p,geQ =p,qeq’.
Sincel'cTl’',Ael, = A€Tl,.
Sincel'crI’',T"c(I'')*andhencey eI =y € (I'')".

Since §'(p,a,A) = 6(p,a, A) for all (p,a,A) € Q XX, XTI, we have
a,A—v,8 a,A—y,8’

p——q=p—¢

1M’
= (p,av,An,) — (q,v,yn)

1,M’
= (pru! Of) — (q; U!ﬁ)

Conversely,
1M’
(p,u,a) — (q,v,B) wherep,qg € Q,u,veZ*and a,f €T*
LA—y,8'
(:)plq where p,q € Q,u,veEX, a,fET*,a€X, AT,y €)', a=An,
B =vn.

Sincea el &a=A4An,Ael.,andn er".
Sincepelr*&pf=yn,yelrandn er.
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Therefore (p,a,A) € Q X X, X I, and hence §'(p,a,A) = 6(p,a, A).

Therefore,

a,A—v,58’ a,A—y,8
p——q=>p —>q=> (p,u, a)—>(q,v £).
(b)

This part can be proved by using the result of (a) along with an induction argument on
the number of steps.
This completes the proof of Proposition 2.49.

Proposition 2.50
LetM = (Q,%,T,6,q0, L, F) be a PDA. ltis true that
Vp,q € Q,x,y,w € X", a, B,y €I integern > 1,

((p, % @) 5 (q,y, ﬁ)) = ((p, xw, ay) = (g, yw, ﬁy))

<Proof>
The proof is by induction on n.

1,M
Forn =1, assume (p,x,a) — (q,y,5).

Jda€eX,A€eTl.andn,0 € I'" such that
,A—0,6
x =ay, a = An, B—Gnandpa—>q
,LA—0,6
Since p a—) q, and xw = ayw, ay = Any, and By = 6ny,

(0, xw, ay) = (@, yw, By).
Therefore, the statement is true forn = 1.
For induction hypothesis,

kM kM :
<(p, x,a) —(q, y,ﬁ)) = <(p, xw,ay) — (q, yw, ﬁy)) for any integer k > 1.
k+1,M
Forn =k + 1, assume (p,x,a) — (q,y, B).
dp' € Q, x' € ¥, a’ € T'* such that

k.M /; /; / l; l; l; 1M
(p,x,a) — (p',x',a") and (p’,x',a") — (q,y, B).
By induction hypothesis, we have

k.M
(p‘ XW, ay) — (p,’ x,W’ a,y)
Since the statement is true for n = 1, we also have

1,M
(p', x'w,a'y) = (q,yw, By).
Combining the two computations, we have

k+1,M
(p, xw, ay) — (q,yw, By).
This completes the proof of Proposition 2.50.

The PDAs that we have dealt with thus far accept an input by entering an accept state
upon reading the entire input. We call this kind of PDA a PDA that accepts by final state.
There is another kind of PDA that accepts an input by popping the last symbol off the
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stack (without pushing any other symbol back on) upon reading the entire input. We call
this kind of PDA a PDA that accepts by empty stack. It turns out that the two kinds of
PDAs are equivalent in that given one, we can construct the other such that the two
recognize the same language. Before we prove the equivalence of these two kinds of
PDAs, we need a formal definition for PDAs that accept by empty stack.

Definition 2.51

A PDA that accepts by empty stack is a 6-tuple, M, = (Q,%,T, 6, qo, L.) Where
Q,%,T,6,q, L. are defined similarly as in a PDA that accepts by final state.

M, computes as follows:

Letw =wyw,-—-w, wherew; €eX . forl<i<mé&mz=1.

M, accepts w iff (qo, w, L,) s (q,€,¢€) forany q € Q.

(Note that the set of accept states, namely F, is not needed in the definition of
acceptance by empty state.)

Lemma 2.52

For any PDA, M., that accepts by empty stack, there is a PDA, Mg, that accepts by final
state such that L(M,) = L(My).

<Proof>

Let M, = (Q,%,T,6,q0, L) Where L, € I'is the initial stack symbol of M,.

Construct My = (Qf, %, Tf, 6, Gsearts Lf» {Qaccept ) Where qseare aNd Gaecepr are newly
created states (not in Q) with g4, Serving as the start state of My and {qaccept} serving
as the set of accept states of M;.

1, is a newly created stack symbol (not in I') serving as the initial stack symbol of M.

Qf = Q U {Gstarts Qaccept}

The transition function & of M is defined as follows.
E,J_f—>J_eJ_f,5f
Tl. 5f(Qstart: 6, J_f) = {(qo, J—eLf)} (@ QStart—)QO)
E,J_f—>e,6f
T2: 6f(q’ € J‘f) = {(qaccept: 6)} Vq € Q <=> q———™ Qaccept)

T3:  6¢(q,a,A) =6(q,a,A) forany (q,a,A) € Q X £, X I, where
0:Q XL XT, — p(Q xXT).
T4:  6¢(q,a,4) = 0 for any other (q,a,A) € Q; X I, X (Ff)e'
The construction is now complete. It remains to show L(M,) = L(Mg).
Suppose w € L(M,).
(qo,w, Le)% (q,€,€) forsomen >0&q € Q.
By T1, 5f(CIstart: €, J—f) = {(CIO» J—eJ-f)}-
1LMy¢
Therefore, (qstare, W, L5) — (qo, W, Lo Ly).
By Proposition 2.49, we have

52



n,Me nMg
{(%r w, J—e) — (qr €, E)} = {(qOI w, J—e) — (q' €, 6)}
By Proposition 2.50, we have

M M
{(qo, w, L)~ (g€, 6)} = {(qo, WE, LoLs) = (q,€e, eJ_f)}.

M M
That is, {(qo, w,Ll,) i § (g€, e)} = {(qo, w, J_eJ_f) ' § (q, €, J_f)}.
Also by T2, Sf(q, €, J_f) = {(qaccept,e)}.

1,M
Therefore, (g, €, 1) = (Qacceptr € €).
Combining, we have

1M M 1,M
(QStartr w, J—f) _I; (CI(), w, J-eJ-f) u (q' €, J—f) _]; (Qaccept' €, 6)-

Therefore, (qstare, W, L) et (Qacceper € €)-
Therefore, My accepts w.

w € L(My)

Therefore, L(M,) c L(Mg).

Conversely, assume w € L(M).

*’Mf N
(QStart' w, J—f) - (Qacceth €, V) for some y € 1-‘f-
Since there exists no transition in one step to go from qgq,¢ t0 Gqccepe, there must exist

Configurations (qlfull yl)! (q2:u2: VZ)’ (qilui' yi)’ (qn' Up, Yn) where n = 1, u; € z,
yi € I for 1 < i <n, such that

1,Mf 1,Mf 1,Mf 1,Mf 1,Mf l,Mf
(QStartr w, J—f) - (qy Uy, yl) —r T (qi' u;, yi) —r T (Qn: Un, Vn) — (Qaccept' €, )/)-
Note that q; # qs:qr¢ DECause each g; has both incoming and outgoing arrows whereas
dstare Nas only outgoing arrows and q; # qgccepr PECAUSE gecepe has only incoming
arrows.
Therefore, for 1 <i <n, q; € Q.
Claim 1. (quu,71) = (QO;W, J—eJ-f)-

5f(qStart; €, J—f) = {(CIO, J—eLf)} by T1.
1,Mf
Therefore, (qseare, W, L) — (qo, W, LeLy).

1,M
Since (qseare, W, Ly) “ (g1, uy,74), and by T4, 8¢ (qstart, a, A) = @ for any other
combination of (a, A) # (e, L¢), we must have

(Ch; Uq, Vl) = (CIO; w, J-eJ‘f)

Claim 2. For1 <i<n,3y; €I suchthaty; =y/L1;.
Claim 2 can be proved by induction on i.

Fori=1,

(q1,u1,¥1) = (qo, W, Le L) (By Claim 1)
Therefore, y; = L. 1.

Take y; = L,.

Y1 =7Y1lr.
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l,El= 1, €=y eI
The statement is true for i = 1.
For induction hypothesis (i = k), assume y, = ypLsforl <k <n-1,y, €I".

Consider configuration move of
1My . . . a,b—c,6
(qr i Vi) — (qi+1, Uk+1, Yier1) Which is equivalent to g, —— qy4, Where

a€X,be (Ff)ea ¢ €TF, U = AUy, Vi = DVis Yir1r = CVir Vi € I
Sincel<k<k+1<n,qyqrs €0.

This configuration move could not have come from T1 because qy # Qstart-
By induction hypothesis, y; = y, L & yy, € I'".

We examine two situations: (i) y;, = € and (i) y; # €.

(i) Ify,=¢€
Yk = Lf
b=€0|’b=J_f.

a,J_f—>c,6f
Ifb=_1r, qx — qi41-

This transition must have come from T2 where

6f(qk, €, J_f) = {(qaccept,e)}, a=¢€,c=e¢e.

Therefore, qx+1 = qaccept» Which contradicts gy, € Q.
Therefore, b = €.

Therefore, (g, a,b) = (qx,a,€) € Q X X, X ..

By T3, 6¢(qx,a,b) = 5(qx, a,b).

a,e—c,6

Therefore, g —— qi+1-
Therefore, c € T'".
Yk =1 = byy.
Since b = €,y = Ly.
Therefore, yj41 = ¢y, = cLy.
The statement is true fori = k + 1.
(i) Ify, # €
Since y;, € T*, L; is not a symbol in y;.

Since yy, = vy Ly, the leftmost symbol of y;, cannot be L.

1,M
Therefore, the configuration move of (g, ux, yx) = (Qi+1, Uk+1, Yr+1) could not have
come from T2.
Therefore, it must have come from T3 where § = &.

1,M, .
Therefore, (qi, Uk, Vi) — (@x+1, Uk+1, Vier1) DY Proposition 2.49.
,b—c,6
Therefore, gy i qr+1 Where

a €%, b €T, ¢ €T, Uy = QUgs1, Vi = bYs Views = Vi Vi € T}
Note that b # Ly because L ¢ I.
By induction hypothesis, y, =y Lf &y €T,
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Therefore, yy, = y;L; = byy.

Vi =€= YL = b = y,Ls € I, which is a contradiction because Ly ¢ I.
Therefore, y,, # €.

The rightmost symbol of y, must be Ly

nr

3y, € I such that Ye = Vi L.

Therefore, y, Ly = byy” Ly.
Therefore, y,, = by}".
Since y;, € T'* by induction hypothesis, y,' € I'".
Yi+1 = CVi = €Yk Lp = Vg1 Ly Where yi .y = cyi”.
Sincec €l &y €T, ype ET.
The statement is also true fori = k + 1.
Therefore, the statement is true for i = k + 1 whether or not y;, = €.
This completes the proof of Claim 2.
Claim 3. (Gno U, Vi) = (qn, €, J_f).

1,M
We know from above that (g,,, u,, ,,) —> (Qaccept € 7)-
The only way to transition from a state in Q t0 qgccep: IS Via T2 where

Sf(qn, €, J-f) = {(Qaccepb 6)}

) €,L —>6,6f
Equivalently, g, —— qaccept-

Therefore, (dn tn Yn) — (daccepts tns Vo) WhETE 1 = Ly & 73 € Iy
Therefore, (qacceptrun' Vrl;) = (qaccept' €, V)-

Therefore, u, = € &y = ;.

By Claim 2, y, = y, Ly Where y, € I'".

Therefore, y,, = v Llf = Ls¥n.

If y,, # €, its rightmost symbol must be Lf.

Let y,, =y L for some v, € T¥.

Therefore, v, L = Lgyy ' Ly.

Therefore, y, = Lry,", which is a contradiction because by Claim 2, y, € I'" but L/ is not
inT*.

Therefore, y,, = €.

V=Vn =€

Yn = J—f]/r; = ly.

(Gn U Vo) = (g € J_f) and Claim 3 is proved.

Claim 4. (g ui vi) - (Qi+1:1:4i+1:yi,+1) foril<i<n-1

From above, we have (s s 7)) ——3 (i1, Uists Vier):

. , 1,Mf ,
By Claim 2’ (Qi' Ui, Vi J—f) - (Qi+1'ui+1l )/i+1J-f) where
Yi €T Vi1 ET7 a € B¢, wy = atygg, Wy, Uipq E X
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b—c,6f

Equivalently, g; b i+1 Where y{ Ly =bn & y{,, Ly =cn, b € (Ff) celf, nely.
Since q; # qstqrt, the above computation could not have come from T1.

SiNCe qi+1 # Gaccept, the above computation could not have come from T2,
Therefore, it must have come from T3 where &(q;, a, b) = §(q;, a, b).

a,b—c,6

Therefore, b e, & c e T* and q; —— qj41-

Since y; Ly = bn, the rightmost symbol of n must be L.
Therefore, n = 6 L for some 6 € Ff*.

Therefore, y; Ly = b01; and y;,, 1Ly = c6L;.

Therefore, y; = b6 and y;,, = c6.

Sincey; e* by Claim 2, 6 e T'".

Therefore, (q;,u;, v;) - (Gi+1 Uit1, Vie1)-

This completes the proof of Claim 4.

By Claim 4, we now have
1,M, 1M, 1,M, 1My
(Q1;u1; Vl) _) (qZ'uZ' YZ) A (qn 1 Un-1 yn 1) _> (qnlunr Yn)

By Claim 1, (q1,uq,v1) = (qo,w, J_eJ_f).
Therefore, q; = qo, u; = w, y1 = Lo 1.
By Claim 2, y; = y; L.

Therefore, y; 1y = L, 1.

Therefore, y; = L,.

Therefore, (q1,u1,v1) = (o, W, L¢).

By Claim 3, (g, Un, ¥n) = (qn, €, J_f).
U, = € &Yy = L.

By Claim 2, y, = ypLs.

Therefore, y, L = L.

Therefore, y,, = €.

(@n Un, Vn) = (Gn, €, €).
Therefore,
1,M, 1,M, 1,M, M
(@0 W, Le) = (@2, Uz, ¥3) = = (Gt Un-1, Y1) — (G, €, €).
(qO' w, Le) _) (QnJ €, 6)-
M, accepts w.
w € L(M,).
w € L(M,) & w € L(My).
This completes the proof of Lemma 2.52.

Lemma 2.53
For any PDA, Mg, that accepts by final state, there is a PDA, M., that accepts by empty

stack such that L(M,) = L(M;).
<Proof>
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Let My = (Q,%,T,6,q0, L5, F) Where L, € T is the initial stack symbol of M.

Construct M, = (Q,,X,T,, 6, Gstare) Le) Where

Qe=QU {CIstart: Qempty}; [e=TUL,;

Qstart ANA gempr, are newly created states (not in Q) with g4+ S€rVing as the start state
of M, and g.myt, Serving as the state in which M, begins the process of emptying the

stack (without further consuming input);
1. is a newly created stack symbol (not in I') serving as the initial stack symbol of M,.
The transition function §, of M, is defined as follows.

€Lle—Lrlebe
T1: (Se (qstartJ €, J—e) = {(CIO; J-fJ-e)} ((E) Qstare —— CIO)
T2: V(q,aA)€eQ xX.xT.whered:Q x2. xTI, = p(QxTI"),d.(q,a,A) =6(q,a,A).
€,6—€,0¢
T3: Vq€F,0.(q,€¢€) = {(Qempty' E)} ((E) q—™ Qempty)-
€,A—¢€,6¢
T4. VAEe (Fe)e 6e(qempty'6fA) = {(Qemptyfe)} (<:> Qempty - qempty)-

T5:  For any other (q,a,4) € Q. X 2, X (I.)¢, 6.(q,a,A) = @.
The construction is now complete. It remains to show L(M,) = L(Mg).

Suppose w € L(My).
(qo,w,Lf)%(q,e,y) forsomen>0&q€F,yer™.
By T1, &, (QStartr €, J—e) = {(QO' J—fJ-e)}-

1,M,
Therefore, (gsiare, W, Le) — (qo, W, LpLe).
By Proposition 2.49, we have

nMyg n,Me
{(qow. 1) = @en}e{l@ow 1) = @en) (@< &6.(q,0,4)=5q,a4)
By Proposition 2.50, we have

n,Me n,Me
{(CIO' w, J—f) - (q' €, y)} = {(qO' WE, J-fJ-e) - (q' €€, yJ-e)}'
. nrMe n,Me
That is, {(qo, w,Lr)— (q,€, )/)} = {(qo, w,Lrl,)— (g€ YJ-e)}-
1,M, n,Me
Therefore1 (CIStartr w, Le) - (CIO' w, J-]‘Le) - (q' €, VJ-e)-
*,Me
Therefore, (qstare W, Le) — (q,€,7Le).
1,M,
By T3’ (q' €, VJ—e) — (Qemptyf €, yJ—e)-
*,Me
By repeated application of T4, (qempty, €, YLe) — (dempty: € €)-
i *,Me 1,M, *,Me
Comblned, (qstart' w, J—e) I (C[, €, VJ-e) - (Qempty' €, yJ—e) — (Qempty' € E)-

Therefore, (CIStartr w, Le) ﬂi (Qempty: € 6)-

Therefore, M, accepts w.

w € L(M,)

Therefore, L(M;) < L(M,).

Conversely, assume w € L(M,).

There exist configurations (g, u1,v1), (2, U2, V2), == (@i, Ui, Vi) = (Qn, Un, ¥n) Where
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n>0,uy €X,y; €l forl <i<n,qy,qq, € Q. Such that
1,M, 1M,  1,M, 1M,  1,M, 1,M,
(qstarb w, J—e) - (QD U, Y1) —ee T (Qi' u;, )/l) —e T (qn' Un, yn) B (q' €, E).

Note that qsart € {91, 91 - qn} DECAUSE Gt dOESN’t have incoming arrows.

Ifn =0, (qstarb w, J—e) % (Q» €, E)-

By T1, (Gstares W) Le) i (qo,w, L5 1,) and this is the only configuration move out of
(Gstare> W, L) because 8, (qseart) € Le) = {(qo» LfJ-e)}-

Therefore, (q, € €) = (g0, w, L5L,.), which is a contradiction because 1,1, # €.
Therefore, n > 1.

In addition, we have (q;,u5,¥1) = (qo, W, Ly Le).

To move from (qo,w, J_fJ_e) to the final configuration (q, €, €), M, must pop L, at some
point which can only be done by T4 because T1 does not pop L, and T2 and T3 cannot
move on L,.

Therefore, we must have a ey, SOMmewhere between (qO,W, J_fJ_e) and (q, €, €).
However, we can only transition into qemy, Via a state p € F (T3).

Therefore, there must be a p € F somewhere between (qO,W, J_fJ_e) and (q, €, €).

Im = Max{i|1 <i <n;q; € F}.

Claim 1. For1 <i<m,q; # qempty @and hence y; has L, as its rightmost symbol.
To prove Claim 1, we assume for contradiction 3k such that 1 < k < m & qx = Gempey-
By T4, qx41 = Qx4 =" = qm = Gempty-

This contradicts q,, € F.

Therefore, q; # qempry for 1 <i <m.

As mentioned above, (q;,u1,¥1) = (qo, W, Ly Le).

Therefore, y; = LsL,.

Since the only way to pop L. is by using T4 that requires the existence of g, and we
cannot have any q.mpt, between g; and g,,, we must conclude that L, remains sitting at
the bottom of the stack as the machine moves from g, to q,,.

Therefore, y; has L, as its rightmost symbol for 1 <i < m.

Claim 2. For configuration (g, U, Yin), Um = E.

To prove Claim 2, we assume for contradiction u,, # €.

At this configuration, there are two possible ways for the machine to move: (i) is to
continue to simulate M, using T2 and (ii) is to enter gem,pe, Using T3.

For (i), the machine will continue to read the input but will never enter an accept state
again because it has passed g,,, which is the highest accept state in this computation.

By the time the machine completes reading the entire input it will come to a stop and has
never had a chance to enter the state qempey. Thus, L. remains sitting in the stack when
everything comes to stop. This is contradictory to the assumption that the computation
ends at (q, €, €).

For (ii), the machine enters gepmy, USiNg T3 transition:
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Am+1 = Qempty: Um+1 = Ums Ym+1 = Vm-
1,M,
(G Um Yim) — (Gemptys s Ym)
Once the machine has entered qgmpy, it Will follow T4, which is qempey G'A;E'(Sf Qempty: 10
continue to pop symbols from the stack while remaining in g, and not reading any
input.
Therefore, gmi1 = qmiz =" =qn =9 = Gempty &
Uy = Unpg1 = Upyz =" = U, = € (Last configuration is (g, €, €)).
Therefore, both (i) and (ii) contradict the original assumption that u,, # €.
Therefore, u,,, = €.
Claim 3. For1<i<m,3y; el suchthaty; =y/L,.
The proof of Claim 3 is by induction on i.
We show at the beginning that (q,,u;,v1) = (qo,w, J_fJ_e)
Therefore, y; = 1¢1,.
Since Ly eTcI™, 1peT™.
If we take y; = L¢, y1 = v1Le.
The statement is true for i = 1.
For induction hypothesis, y, = yyLefor1 <k <m-—-1,y, €Tr".
We show at the beginning that qgq.+ € {91,492 " Gn} & Gempty € {91, 92 - 4} by Claim 1.
Therefore, q1,91 =" qm € Q.
Consider configuration move of

1,M,

(1 Wi, Vi) = (G 1, Uks 1, Vier 1)

This move could not have come from T3 or T4 because qx # Gempty & Qk+1 # Qempty-
The move must have come from T2 where 6, = §.

By Proposition 2.49, we have

1,Mf
(@i Wie» Vi) — (Qr+1> Uk 15 Vies1)-
a,b—c,6
Therefore, g, — g1 Where

a€Ze, b €T, cET", Wy = AUiesq, Vi = DVis Yie1 = CVir Vi € T
Notethatb eI, = b # L,.

By induction hypothesis, yx = yxLe & v €T

Therefore, yj, L, = by,.

Yi=€=vil.=b= (y; =€) & (b = 1,) = Contradiction.
Therefore, y, # €.

The rightmost symbol of y, must be L, (because y; L, = by,)
3y, € T} such that v, =y} L.

Therefore, y, L, = by}  L,.

Therefore, y;, = by)/".
Since y;, € I'* by induction hypothesis, y;’ € I'*.
Vi+1 = CVk = €V Le = Vir1-Le Where y .y = cyy”.

nr

Sincec €l &y, €T, ype ET.

nr
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The statement is also true fori = k + 1.
This completes the proof of Claim 3.

. , 1,Mf , .
Claim 4. @i uiyi) — (Qir1, Ui, Vig) for 1 < i <m-—1.
. 1rMe
By assumption, (q;, u;, ¥i) — (qi+1, Ui+1, Vit1)-
; I LM, 1
By Claim 3, (q;, u;, ¥ Le) — (qiv1, Uis1, Vigrle)
By Claim 1, ¢; # qempty & Qi1 # Qempty fOr1 <i<m-—1.

Also, we point out at the beginning that q; # qg¢qr: fOr 1 <i < n.
Therefore, this computation must have come from T2 where §, = 6.

- ' LMg I
By Proposition 2.49, (q;,u;, ¥ Le) — (qiv1, Uiv1, VigrLe)-

Equivalently, g; M qi+1 Where
A€, ,bET,ceET YL =bn &Y Lle =cn,nETS, Uy = auyq.
Notethatb eI, = b # L,.
n=e=y;l,=b= (y; =€) & (b = L,) = Contradiction.
Therefore, n # €.
The rightmost symbol of n must be L, (because y; L, = bn).
Letn =61, where 8 €T,.
Therefore, y; L, = b0L, & /1L, = cOL,.
Therefore, y; = b6 & y;,., = 6.
Sincey; eI by Claim 3, 6 e I'".
CET"&OET" =y, €T
1,M
Therefore, (q;, wi, ¥{) ~— (Gist is1, Vis1)-

This completes the proof of Claim 4.
By Claim 4, we now have,
1,Mf 1,Mf 1,Mf 1,Mf
(1, u1,71) — (G2, U2, 72) — = — (@m-1 Um-1, Ym-1) — (@m> Ums Yim)-
(91, u1,71) = (qo,w, L5 L,) as shown at the beginning.
Therefore, y; = Ls L.
By Claim 3, y; = y; L,.
Therefore, y; = L.
Therefore, (g1, u1,71) = (qo,w, Ly).
By definition, q,, € F.
By Claim 2, u,,, = €.
Therefore, (g, Um, Yin) = (Gm. €, ¥m)-
Therefore, (qo,w, Ly) ' (qm, €, V2n) Where q,,, € F.
Therefore, My accepts w.
w € L(Mg).
L(M,) c L(My).
This completes the proof of Lemma 2.53.
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Combining Lemma 2.52 and Lemma 2.53, we have the following theorem.

Theorem 2.54

For any PDA, M., that accepts by empty stack, there is a PDA, Mg, that accepts by final
state such that L(M,) = L(My).

Conversely, For any PDA, My, that accepts by final state, there is a PDA, M., that
accepts by empty stack such that L(M,) = L(Mg).

2.4 Equivalence of CFG and PDA

In this section, we shall prove that context-free grammars and pushdown automata are
equivalent in power in that any language that is context-free is recognized by a
pushdown automaton and vice versa.

Definition 2.54

LetG = (V,%,R,S) be a CFG.

LetAeV,ye (VuU2X).

A is called the leftmost variable in y iff 3x € £* and « € (V U X)* such that y = xAa.

x is called the head of y (written as x = Head(y)), Aa is called the body of y (written as
Aa = Body(y)) and « is called the tail of y (written as a = Tail(y)).

It is clear from this definition that y = Head(y)ATail(y) = Head(y)Body(y) and if y € £*,
then Head(y) = y and Body(y) = Tail(y) = €.

Definition 2.55
Let G = (V,%,R,S) be a CFG.
Vx,y € (VU 2X)*, xis a prefix of y (written as x <pgp y) iff 3z € (V U X)* such that xz = y.

Proposition 2.56

<pgrg IS a reflexive and transitive relation from (V u 2)* to (V U X)".
<Proof>

vx e (VuUlX),3ee (VU2X) and xe = x.
Therefore, x <pgrp x and <pgr is a reflexive.
Vx,y,z S (V V) 2)*, if x <PRE y and y <prg Z,
dx',y' € (VU 2X)" suchthatxx' =yand yy' = z.
Therefore, xx'y' = z.

Since x'y' € (VU X)*, x <pgg Z.

Therefore, <pg is transitive.

This completes the proof of Proposition 2.56.
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Proposition 2.57
LetG = (V,L,R,S) be a CFG.
Letwe X", y; e (Vu2X) forallie{1,23, n}

Ai—> i'l
Let A; be the leftmost variable in y; and A; — f; be the rule such that y; ﬂym for
all i € {1,2,3,---n}.

m Im Im
LetS :yl :>y2 :>)/3"':>Vn = Ww.

The following statements are true:
(@) Head(y;) <pgrr Head(yi41)
(b) V1<i<j<n,Head(y;) <pgp Head(y;) & hence

Head(y1) <pgrp Head(y;) <pgg ‘- <prg Head(y,) = w
(c) Head(yi+1) = Head(y;)Head(B;) & Body(yiy+1) = Body(B)Tail(y;)
(d) Ify; € (VUZX)* suchthat Head(y;)y; = w, then Head(B;) <prg Vi-
<Proof>

Ai—Bilm

(@) Since y; ——>Viy1, & i = Head(y;)A;Tail(y;), we have y;,, = Head(y;)BiTail(y;).
Therefore, y;,1 = Head(y;)Head(B;)B;Tail(B;)Tail(y;) where B; is the leftmost
variable in B;.

Since Head(y;) € 2* & Head(f;) € L*, B; is also the leftmost variable in y; ..

Therefore, Head(y;,1) = Head(y;)Head(S;).

Therefore, Head(y;) <prg Head(yi;1)-
(b) This follows (a) to be true because <y is transitive.
(¢) Head(y;+1) = Head(y;)Head(p;) is established in the proof of (a).

It is also established in the proof of (a) that

Yis1 = Head(y;)Head(B;)B;Tail(B)Tail(y;).

Body(yi+1) = BiTail(B)Tail(y,).

= Body(B;)Tail(y;) (B; is the leftmost variable in ;)

(d) From (b), Head(yi1+1) <pgre Head(y,) = w.

Therefore, 3y;,; € L* such that Head(y;+1)y;+1 = W.

Therefore, Head(y;41)Vi+1 = Head(y;)y;.

By (c), Head(y;)Head(B;)yi+1 = Head(y)y;.

Therefore, Head(B;)yi+1 = Vi-

Therefore, Head(B;) <prg Vi-

Lemma 2.58

For any CFG G, 3 a PDA M, such that L(G) = L(M,).

<Proof>

LetG = (V,%,R,S) be a CFG.

Construct M, = ({q},%,VUZ, 6, q,S) where § is the transition function defined as follows.
T1: 6(q,€,4) ={(q,B)|A — BisaruleinR}.

T2: 6(q,a,a) ={(q,€)} Va € X..

T3: Forallother (q,a,4) € {q} X2, X (VUX),, 6(q,a,4) = Q.

Note that the start variable of ¢ is the start stack symbol of M,.
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It remains to show L(G) = L(M,).
To prove L(G) < L(M,), suppose w € L(G).
Y1, Y2 ¥n € (VU Z)* such that

Im Im Im Im
S=V1=2V22V3 Vi Ve DV = W.
Vi € {1,2,3,---n}, Head(y;) <prg w by Proposition 2.57(b).
Therefore, 3y; such that Head(y;)y; = w.

*,Me
Claim. Vi € {1,2,3,-n}, (q,w,S) — (q,y;, Body(y;)) where Head(y,)y; = w.
This Claim can be proved by induction i.
Ilm Im Ilm Im

Fori=1,S=y,because S =y, =y, =23 Vi=Viz1 " = Vn = W.
Head(y;) = Head(S) = €. Body(y,) = Body(S) = S.

0,Me
(qr w, S) — (q, w, S) = (ql' Y1, al)-

Therefore,q =q, y1=w & a; = S.

Therefore, g = q,, Head(y,)y; = ew = w & a; = Body(y;).

*,Meg
(q,w,S) — (q,y1, Body(y1).
The statement is true for i = 1.
For induction hypothesis, we have

*,Meg
(q,w,S) — (q, vy, Body(y,)) where Head(y,)y, =wfor1 <k <n-—1.
Let A, be the leftmost variable in y,.

l
Since yy = Yi+1, 34, — By where B, € (VU X)*.

*,Mg
(q,w,S) — (q, v, Body(vx))

= (q' Vi AkTall(yk))
1,M,

— (q, ¥, B Tail(yy)) (by T1)
= (q,yx Head(Bx)Body(Bi)Tail(yy))
By Proposition 2.57, Head(B)) <prg Vk-
Ay,+1 € (VU X)* such that Head (B)Yik+1 = V-
Therefore,

(9, yx, Head(B)Body(Bi)Tail(yy)) = (q, Head (Bi)yi+1, Head (Bi) Body (B ) Tail(yy))

|H d |’Me
ead(By) (q’ykﬂ’Body(ﬁk)Tail(yk)) (by repeated applications of T2 |Head (By)| times)

= (4, Yi+1, Body (Yi+1)) (by Proposition 2.57(c))

*,Mg
Therefore, (q,w,S) — (q, Vi+1s Body(yk+1)).

Since Head (Bi)Yi+1 = Vi

Head(yy)Head(By)yi+1 = Head(yi)yy.

By Proposition 2.57(c), Head (yy+1) = Head(y,)Head ().
By induction hypothesis, Head (y)y, = w.

Therefore, Head (Vi 4+1) V41 = W.

Therefore, the statement is true fori = k + 1.

To complete the proof of L(G) c L(M,), seti = n in Claim.
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*Meg
(q,w,S) — (4, yn, Body(yy)) where Head (y,)y, = w.
Since y, = w, Head(y,) = Head(w) = w & Body(y,) = Body(w) = €.
(Head(yn) = w) & (Head(yn)yn = W)= wy, =w =y, = €.

Therefore, (q,w, S) e (q,€¢€).

w € L(M,).

Therefore, L(G) < L(M,).

(Note that at this final configuration of (g, €, €), we could have used the transition,

6(q,¢€,€) ={(q,€)}orq eel q, to loop on without stopping. However, this machine is
nondeterministic, which means that we don’t have to take an option which is a bad one.
On the other hand, if bad choices are made, we can loop ourselves to infinity.)

To prove L(M,) c L(G), letw € L(M,).

*,Me
(q.w,S)—(q,€,€).

*, Mg *
Claim. vx € 2%, if (q,x,A) — (q,€,€), then A= x.
Proof of this Claim is by induction on the number of steps.

M,
dn = 1, such that (q, x, A) 2% (q,€¢€).

1,M,
Forn =1, (q,x,A) — (q,€,€).
Since A € V, we must use T1 and that is, 6(q,€,4) = {(q,)|A — B is arule in R}.

Therefore, (g, x, A) s (q,x,B) = (q,€,€).

Therefore, x = § = €.

Therefore, A — e is arule.

A = € by Proposition 2.8(i).

Therefore, A 5 €.

The statement is true for n = 1.

For induction hypothesis, assume the statement is true for all n < k with k > 1.

,Me *
That is, if (q,x, A) — (q, €, €), then A = x for all n < k.

k+1,M,
Forn =k + 1, assume (q,x,A) —— (q, €, €).
Since 4 € V, the first move must be based on T1.

1,M, k,M,
Therefore, (q,x,4A) — (q,x,Y1Y2 - Y,,) — (q, €, €) where
A— Y)Y, Y, &Y,eVuzforie€ {12, -m}.

Since (q,x,Y;Y, - Yy,) LM (g, €, €), the machine must pop all the Y;s off the stack by the
time it finishes reading input x and empties the stack.

Let x; be the portion of x that the machine consumes while popping Y; off the stack and
returning its stack head to the position right before popping Y;,, off fori = 1,2,3,---m — 1.
Let also x,,, be the last portion of x that the machine consumes while popping Y, off the
stack and emptying the stack eventually.

Note that if Y; is a terminal, x; = Y;. The PDA will pop Y; using T2 and then scan the
same symbol x; from the input. The stack head will then point at Y; ;.

By these assumptions, we have x = x;x, -+ x,,.
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In addition, we have the following sequence of

computations:
*,Me *,Me
(g, x1%3 X, V1Yo -+ Vi) = (@, X2 X5+ Xy, Yo V3 Vi) — (@, X3X4 X, Ya ¥ - V)
*,Me *,Me *,Me
—M’ 7 (@, xiXi41 - X, YiYig1 - Yin) — (@, X501+ X, Vi1 = Vi)
*Me *Me

*,Me
e (qr Xmo Ym) — (q: €, E)-
Since the stack head does not go below Y;,; while the PDA consumes x;, we have the
following equivalent computations:

*,Me

(C[, X1, Yl) — (qr €, 6)
*,Me

(qr X2, YZ) - (q, €, 6)

*,Mg
(qr Xi, Yl) — (q' €, E)

*,M,
(@, X, Yim) = (4, €, €)
Since the sum of all the numbers of steps in all these computations is equal to k, the
number of steps in each of these computations is less than or equal to k.
Therefore, we can use the induction hypothesis to derive the following:

*
Yi=>x;
*

Y,=>x,
*
Yi = x;

Y :*>xm

Since A —» Y,Y, Y, A = VY, Y, by Proposition 2.8(i).

Since Y, = x; Vi € {1,2, - m}, ¥, Yy -+ Yo = x1X, -+ X,y by Proposition 2.16(d).
Therefore, A N X1Xp X -

Therefore, 4 =*>x.
The statement is true forn = k + 1.
To complete the proof of L(M,) ¢ L(G), putA=S & x = w in Claim.

[(q, w,S) ik (g€, 6)] =[S =*>W].

w € L(M,) = [(q,w,S) % (g€ 6)] = [S>w] = w € L(G).
This completes the proof of L(M,) c L(G) and hence the proof of Lemma 2.58.

Lemma 2.59

For any PDA M,, 3 a CFG G such that L(G) = L(M,).

<Proof>

Let M, = (Q,%,T,6,q0,L.) be a PDA that accepts by empty stack.
Construct CFG G = (V,%,R,S) where V & R are defined as follows.
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V ={S}u{lpXqllp.q € Q, X €T}

Note that V is finite because Q & T are finite.

Let (P) be the procedure for creating rules in R defined as follows.
V(g,a,X) €Q X2, xT,if8(q,a,X) # 0, 3(ry, V1Yo Yy) € 6(q,a,X).

. aX—Y. VY,
That s, q #ro.

For every ry, 1,1, € Q, a € X, let
[qX7,] — al[roYiri][riYars] - [fm—1YmTn] DE @rule in R.
Note that the total number of rules thus created based on each
(ro, V1Y, - ¥,))) € 8(q, a, X) is finite because Q, m, & X, are finite.
Furthermore, the set §(q, a, X) is finite & the total number of such sets, §(q, a, X) is finite
because the total number of (q,a,X) € Q X £, x ' is finite.
Therefore, the total number of rules thus created for any given PDA, M, is finite.
Let R, = the set of rules created by (P).
Ry ={S — [qoLep]lp € Q}.
R =R, UR,.
The construction of G is complete and we now proceed to prove L(G) = L(M,).
Claim 1. S=w iff [q0Lep] = w for some p € Q.
<Proof of Claim 1>

S Sw"
3n > 1 such that S = w.
1 -1
S:ﬁn=~w where g € (VuUZX)".
By Proposition 2.8(i), S — S is arule.

This rule must be from R,.
Therefore, S — [g,L.p] for some p € Q.

1 -1
Therefore, S = [qyL.p] =w.
-1
Therefore, [goL.p] Sw.
Therefore, [goL.p] = w for some p €Q.

"If [qoLep] :*>wf0r somep € Q"
By construction, S — [goL.p] is arule in R,.

By Proposition 2.8(i), S > [qoLep].
Therefore, S :1> [qoLep] Sw.

Therefore, S Sw.
This completes the proof of Claim 1.

* *,Me
Claim 2. Vp,q €Q, X €T, weX [qXp]=>wiff (q,w,X) — (p,€,€).
<Proof of Claim 2>
“If”

*,Me
Assume (q,w,X) — (p, €, €).
Mg
dn > 1 such that (g, w, X) e (p, € €).
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The proof of [qXp] Swis by induction on n.
1,M,
Forn=1, (g w,X) — (p,€,¢)

X—
Therefore, q a—6>p wherea € X, & w = ae = a.
X—Y Yo Y
By (P), if q a;nﬂo, then 3 arule [gX1,] — a[roYir ][ Yerz] - [Tme1YmTm] fOr some

71,79, Ty € Q.

In this case, Y;Y, -+ Y,,, = € which means m = 0 and hence r,, = 1.
Therefore, 3 a rule [gX1y] — a.

Since p =1y, & w = a, the rule becomes [gXp] — w.

By Proposition 2.8(i), [gXp] = w.

Therefore, [gXp] Sw.

The statement is true for n = 1.
Assume the statement is true for all n < k where k > 1.

. n:Me *
Thatis, {(qw,X) == (. €,©)} = {[axp] > w} forall n < k.

k+1,M,
Forn =k + 1, assume (q,w,X) — (p, €, €).

XY, YooY
v,,Y,, Y, €l,a€ X, x €X', w=ax,r, €Q such that qa;wo.

1,M, k,Mo
Therefore, (q,w,X) — (19, x, Y1 Y5 - Y, ) — (p, €, €).
k,M, i i
Since (1, x,Y1Y, - Yp) — (p, €, €), Using the same argument as used in the proof of
Lemma 2.58, we can deduce the following computations:
*M,
(T(), X1, Yl) _i (T'l, €, E)

*,Mg
(r1, %2, Y2) — (12, €, €)
*, Mg
(i1, x3, Y) — (1, €,€)

*,M
("m=1>%Xm Ym) = (1, €,€) where
T, T2 Tme1 € Q, Ty =P,
x; 1s the portion of x that the machine consumes while popping Y; off the stack and
returning its stack head to the position right before popping Y;,, offfori = 1,2,3,---m —1
and x,, is the last portion of x that the machine consumes while popping Y, off the stack
and emptying the stack eventually.
Note that the machine goes from state r;_, to state r; after completing the above actions
& X = X1X5 Xy

*Me . .
Since each computation (r;_4, x;, Y;) — (171, €, €) is part of the computation
k.M,

(1o, %, Y, Yy -+ Y,)) — (p, €, €), each one makes no more than k moves.
By induction hypothesis, [r;_,Y;7;] =*>xi fori =1,2,---m.

a,X—Y Yy Y .
As shown above, g ——— >y & since ry, 1y - 1_1,p € Q, by (P),

3 arule [qXp] — a[roYir][rYar,] - [fm-1Ymp]-
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By Proposition 2.8(i), [qXp] = a[roYiri][riYar2] o [Tm—1YmP]-
0 *
Sincea=>a & [r;_ Yir;]=x; fori =1,2,---m.
a[roYiri ][ Yarz] - [Tm—1YmpP] = ax;x, - x,, by Proposition 2.16(d).
Therefore, [gXp] N AX1X5 *** Xy
Since w = ax = ax X3 - X, [qXP] Sw.
k+1,M, *
Therefore, {(q, w,X)— (p, €, e)} = {[qXp] = W}
Therefore, the statement is true forn = k + 1.
This completes the proof of the “If’ part of Claim 2.
“Only if”
Assume [gXp] Sw.
dn = 1 such that [gXp] Sw.
*Me . . .
The proof of (q,w,X) — (p, €, €) is by induction on n.

1
Forn =1, [qXp]=>w.
By Proposition 2.8(i), [qXp] — w is arule in R; (It's not in R, because [gXp] # S).
Since every rule in R, is of the form [qX1,] — a[roYiri][r1Yor2] - [Time1Ym?m] Where

a,X—>Y1Y2~~~Ym
q———15 &1y, 1y Tyy_1,Tm € Q.

In this particular case, w is not a variable.
Therefore, [ Yir][rYors] - [rme1Ymtm] = € orm = 0.
Therefore,a =w & n, =1y.
Since [qXp] = [gXTm], p = Ty = 1.

X—
We must have g a—fp.

1,M,

Therefore, (q,w, X) — (p, x,€) where w = ax.
As shown above, a = w.
Therefore, x = €.

1,M,
Therefore, (q,w,X) — (p, €, €).

*,M
Therefore, (q,w, X) — (p, €, €).
The statement is true for n = 1.
For induction hypothesis, assume it is true that

*,Mg
{[qXp] ;w} = {(q, w,X)— (p,¢, e)} foralln < k where k > 1.
k+1
Forn =k + 1, assume [gXp] Sw.
k
Therefore, [gXp] :1>ﬁ =>w where g € (VUZX)".
By Proposition 2.8(i), [qXp] — B is arule in R,.

This rule must be of the form [gXp] — a[rpYiri][r1Yarz]  [Tme1Ymp] Where
X—Y1 Yy Y
To,TL, T2 Tme1 €EQ,a €2, Y, Y5, -V, €T, qa;n”o.

[qXp] =1> a[roYir ][ Yar2] - [rm—1Ymp] by Proposition 2.8(i).
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1 k
Therefore, [qXp] = a[roYiri][r1Yar2] - [Tme1Ymp] =@ W.
By Proposition 2.28(ii), 3wy, w, - w,, € £* such that [r;_,Y;7;] :*>Wi in no more than k
stepsfori =1,2,---mandw = aw;w, - wy,.

*,Mg
By induction hypothesis, (r;_,w;,Y;) — (13,€,¢€) fori = 1,2,---m.
By Proposition 2.50,

*Me ,
(Tie1 WiWig1 = Win, Yi¥igr - Yin) — (1 Wigg - Wi, Yigq - V) for i = 1,2, ---m.
*,M .
(To, WiWy = Wi, Y1 Yy -+ ¥ ) == (ry, Wy = Wy, Yy - ¥ fOr i = 1.

*,Mg
(rl,Wz "'Wm, Yz oo Ym) — (rz,W3 "‘Wm, Y3 "‘Ym) fOf' l == 2

*,M .
(Tm—1, Wi, Yim) — (. €, €) for i = m — 1 where ,,, = p.
a,X—)Y1Y2"'Ym
Furthermore, as shown above, g ———— ry.
1,M,
Therefore, (g, aw;Wy -+ Wy, X) = (g, WyWs -+ Wiy, Y1 Yy -+ Y.
. 1,M
Since w = aw;w, Wiy, (@, W, X) == (1o, Wy Wy =+ Wiy, 1 ¥ -+ V).
Connecting all the computations, we have

1,M, * Mg
(qw,X) — (ro,wywy =W, V1Yp - Vi) — (r, wy o wi, Yo -+ V)
*,Me *,Me *,Me *,Me
— (T‘z, W3 " Wiy, Y3 Ym) —ee (Tm—me; Ym) — (pr €, 6)-

*,M
Therefore, (g, w, X) - (p, €, €).
k+1 *,Meg

Therefore, {[qXp] = w} = {(q, w,X)— (p,€, e)}.

This completes the proof of Claim 2.
We now get back to the proof of L(G) = L(M,).

weLG) & S>W

< [qoLep] = w for some pEQ (Claim 1)
*,Me .

& (qo,w, L) — (p,€,€) (Claim 2)

& M, accepts w

< wE€LM,)

Therefore, L(G) = L(M,).
This completes the proof of Lemma 2.59.

Combining Lemma 2.58 and Lemma 2.59, we have the following theorem.
Theorem 2.60

For any CFG G, 3 a PDA M, such that L(G) = L(M,).
Conversely, for any PDA M., 3 a CFG G such that L(G) = L(M,).
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2.5 The Pumping Lemma for Context Free Languages

In this section, we shall develop a tool for showing that a language is not context free.
This tool is called “The Pumping Lemma for context free languages.” This Pumping
Lemma is analogous to the pumping lemma we study in Chapter 1 for regular languages.
The difference this time is we are pumping two strings rather than one and the string that
we are dealing with is broken down into five substrings in contrast to three substrings in
the case of regular languages.

Theorem 2.61

LetG = (V,%,R,S) be a CFG in Chomsky Normal Form.

Let Pt(A,w, h) be the parse tree corresponding to this grammar in accordance with the

meaning of Theorem 2.33 where A(€ V) is the root, w(€ £*) is the yield and h is the

height of the parse tree. Then itis true that |w| < 2771,

<Proof>

The proof of this theorem is by induction on h.

For h =1, Pt(4,w, h) is a 1-level tree with A at the zero level and w at the first level.

The only forms of rules in Chomsky Normal Form are:

A — BC where AeV and B, CeV\{S}

A—a where aeX c ¥*

S—e€ where S = Start Variable.

Since w € ¥, we have either A — aorS —e.

Therefore, w =a orw = €.

w=a=|w|=1=|w|=2°0<2"1,

w=e=|w|=0=|w| <20 <21,

Either case, we have statement being true for h = 1.

For induction hypothesis, assume the statement is true for all h < k where k > 1.

Consider a parse tree, Pt(A,w, k + 1), that correspond to G according to the meaning of

Theorem 2.33.

Since k > 1, the height of Pt(4,w, k + 1) is greater than or equal to 2. Hence the

children of A which appear in the first level cannot be a or €.

They must be B and C with B, CeV\{S}.

Using similar argument as we use in proving Theorem 2.33, we can show the following:

(i) The combination of all branches of B (respectively C) form a subtree Pt(B,w, h;)
(respectively Pt(C,wy, hy))

(i) hy <k &h, <k

(iiw = wyw,.

By (ii) and induction hypothesis, |w;| < 2M~1 & |w,| < 2271,
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lwl = |wy| + [w]
< 27t 4 2t
< 21 4 2kt
=22k
= 2k

— 2(k+1)—1
This completes the induction proof of Theorem 2.61.

Proposition 2.62

Let Pt(4, z, h) be a parse tree for CFG,G = (V,%,R,S) and Pt(B,w, k) be the largest
subtree of Pt(A4, z, h) where w, z € £*. Then 3x,y € £ such that z = xwy. Furthermore,
the nodes on any path from A to x (respectively y) cannot be a node in Pt(B,w, k).
<Proof>

By T13, every leaf of a subtree is also a leaf of the parent tree.

Therefore, w = z.

Therefore, z = xwy for some x,y € L*.

Let (4, vy, vy, vy, 1) be a path from A to [ where [ is a symbol in x.

There exists a v;(i = 1,2,---n) on this path such that v; and B are at the same level.

If v; and B are the same node, (v;, - v, 1) is a branch rooted at B and by T11, it is a path
inside Pt(B,w, k).

This means that [ is a symbol in w and this contradicts the assumption that [ is a symbol
in x.

Therefore, v; cannot be the same node as B.

Since [ is to the left of every symbol in w and v; is an ancestor of [, by T12, v; is to the
left of B.

Let v; be a node on the path (4, vy, vy, v; - vy, ).

If j <, v; is above the level of B and hence v; is not a node in Pt(B,w, k).

If j > i, v; is a descendant of v; and hence by T12, v; is to the left of all descendants of B
at the same level.

Therefore, v; cannot be a node in Pt(B,w, k).

With similar argument, we can also prove that if v; is a node on a path from A to any I’ in
y, vj cannot be a node in Pt(B,w, k).

This completes the proof of Proposition 2.62.

Theorem 2.63

Let Pt(S,z, h) be a parse tree for CFG,G = (V,%,R,S) and Pt(4,w, k) be the largest
subtree of Pt(S, z, h) rooted at A such that z = xwy where x,y,w,z € L*.

If Pt(A,w, k) is replaced by another parse tree Pt(4,w’, k"), to form a new tree
Pt(S,z',h"), then z' = xw'y.
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<Proof>

By Proposition 2.62, we can write z' = x'w’y’ for some x’, y' € £* because Pt(4,w', k")
is a subtree of Pt(S,z',h').

See Figure 2.13 below.

Figure 2.13
S Pt(S,zh) S Pt(S,z',h")
/%k) /ﬁ%w
R B e | ——— A ~ 4
X w vy x' WI y,

Let ! be a leaf in x.

By T8, there is a unique path from S to [ in Pt(S, z, h).

Let’s call this path (S, vy, vy, - v; -+ vy, ) Where v; is at the same level of A.

By Proposition 2.62, (S, vq, vy, == v; -+* vy, 1) is not affected by the removal of Pt(A4,w, k)
and in addition, v; is to the left of A.

Therefore, (S, vy, vy, - v; - vy, 1) remains a path in the new Pt(S,z',h).

Therefore, L is a leaf in z'.

lis notin w' because w' consists of all the leaves created from the addition of
Pt(A,w', k").

If Lisin y’, the ancestor of [ at the level of A, namely v;, must be to the right of A which
contradicts what we have shown above and that is v; is to the left of A.

Therefore, [ cannot be in y'.

Therefore, Lisin x'.

Therefore, x = x'.

Conversely, if " is a leaf in x’,

by T8, there is a unique path from S to I’ in Pt(S,z',h').

Let’s call this path (S, v{,v3, - v; === vy, I") where v; and A are at the same level.

By Proposition 2.62, vy, v, v; --- vy, I" @are not in Pt(4,w', k") and v; is to the left of A.
These nodes must have come from Pt(S, z, h).

In addition, they are not in Pt(A,w, k) either because if they were, they would have been
eliminated by the replacement of Pt(A,w, k).

Therefore, I’ is not in w.

If I is in y, v; would be to the right of 4, which contradicts what we have shown above
and that is v; is to the left of A.
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Therefore, I cannot be in y.

Therefore, l' is in x.

Therefore, x' = x.

Therefore, x = x'.

With similar argument, we can also prove that y = y’.
This completes the proof of Theorem 2.63.

Theorem 2.64A (The Pumping Lemma for CFLS)

Let L be a CFL.

dp > 0 such thatif z € L and |z| = p, then

z = uvwxy for some u, v,w, x, y € £* with the following conditions satisfied:

() Vi =0, uv'wx'y €L

(i) vx # €

(iii) lvwx| <p

<Proof>

By Theorem 2.37, there exists a CFG, G = (V,%,R,S) in Chomsky Normal Form such that
L =L(G).

Let p = 2™ where m = |V| = the number of variables in V.

Ifz €L, z € L(G).

S ;Z

By Theorem 2.33, there is a parse tree for G with root S and yield z.

Let this parse tree be represented by Pt(S, z, h) where h is the height of the tree.
By Theorem 2.61, |z| < 2"71.

If |z] > p = 2™, 2m < 201,

m<h-—1.

h>m+1.

By T9, 3 a path from S to a where a is a leaf in z such that the length of this path is equal
to h.

(Note that this is the longest path in the tree.)

Since h > m + 1, there are at least m + 2 nodes on this path.

Let (Vy, Vg, «ee oo Vi Vi1, @) be the lowest portion of this path where

Vi, Vo, oee e Vi Vine1 E V.

See Figure 2.14 below.
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Figure 2.14

Note that this is the longest path from V; to a leaf.

Since m = |V|, by the pigeonhole principle, 31 <i <j <m+ 1 suchthatV; = V;.
Let Pt(V;, w, hj) be the largest subtree rooted at V; and Pt(V;, w’, h;) be the largest
subtree rooted at V.

See Figure 2.15 below.

Figure 2.15
S

US> W——><ar><)—>

As can be seen in Figure 2.15, Pt(V;,w, h;) is a subtree of Pt(V;,w’, h;) which in turn is a
subtree of the parent tree Pt(S, z, h).

By Proposition 2.62, we can write the yield of Pt(V;,w’, h;) as vwx where v,x € £* and
the yield of Pt(S, z, h) as uvwxy where u,y € X*.

That is, z = uwwxy and w' = vwx.

Since V; = V;, we can replace Pt(V;,w, hj) by Pt(V;, vwx, h;) to form a new parse tree.

By Theorem 2.63, the yield of this new parse tree is uvvwxxy = uv?wx?y.

By repeated application of this replacement procedure, we can create new parse trees
Pt(S,uviwxly, k;) fori > 2.
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By Theorem 2.33, S = uviwxly for i > 2.
If we replace Pt(V;, vwx, h;) by Pt(V;,w, hj), we obtain a new parse tree Pt(S,uwy, ko).

Again by Theorem 2.33, § > uwy.
Ors =*>uv°wx0y.
When i = 1, z = uvwxy and we know S >z,

Therefore, S = uviwxly for i > 0.

Therefore, uv'wx'y € L fori > 0.

This proves Condition (i) is satisfied.

The only three forms of rules in a CFG in CNF are:

A — BC where AeV and B, CeV\{S}

A—a where aeX

S—e€ where S = Start Variable

a and e cannot be the children of V; because a and e cannot have descendant V;.
Let B,C € V be the two children of V;.

Let Pt(B, b, hy) & Pt(C,c, h.) be the largest sub parse tree with yields b, c € £* and roots
B,CeV.

Using similar argument as used in the proof Theorem 2.33, we can show that bc = vwx.
By T7, V; is either a descendant of B or C.

If V; is a descendant of B, Pt(V;,w, h;) is a subtree of Pt(B, b, hy).

By Proposition 2.62, w = b and b = w;ww, for some w,, w, € L*.

Therefore, vwx = bc = wyww,c.

v=w; & X = w,c.

Since C and all its descendants are not S, ¢ cannot be e.

X # E.

Therefore, vx # €.

If V; is a descendant of C, with similar argument, we can show that v # € and hence
VX F €.

In all cases, Condition (ii) is satisfied.

Since V; is a descendant of V;, Pt(V;, vwx, h;) is a subtree of Pt(Vy,z,, hy).

By Proposition 2.62, vwx C z;.

[lvwx| < |z4].

By Theorem 2.61, |z;| < 2M~1,

Therefore, |vwx| < 271,

Since (14, Vy, «+- - Vs Vins1, @) 1S the longest path from V; to a leaf,

h, = the length of (V;,V,, - -+ Vo Ve, @) = m+ 1.

Therefore, |[vwx| < 2M+1-1 = 2m = p,

Therefore, Condition (iii) is satisfied.

This completes the proof of Theorem 2.64A.
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Theorem 2.64B - Pumping Lemma (contra positive form)

~(S) = L is not context free where

~(S) is equivalent to:

Vp = 1,3s € L with |s| > p such that whenever s = uvwxy, at least one of the conditions
(1), (i), or (iii) cannot be satisfied.

The contra positive form of the Pumping Lemma is used to prove a language is not
context free. The general strategy is to find an s € L with |s| > p for any given p > 1 so
that whenever s is broken into s = uvwxy, at least one of the conditions of (i), (ii), or (iii)
must be false. This can be usually accomplished by showing one of the following:

(1) Condition (i) alone is false.

(2) Condition (iii) = ~ Condition (i)

(3) (Condition (ii) and Condition (iii)) = ~ Condition (i).

Example 2.65

Show that L = {a"b™c™|n = 0} is not CFL.
Vp = 1, construct s = aPbPcP.

See figure below.

s € Land |s| = p.

Assume s = uvwxy.

If Condition (iii) is true, |[vwx| < p.
There are 5 cases for consideration.

(1) vwx = a™ wheren <p
(2) vwx = a™b™ wheren<p&m<p
(3) vwx = b" wheren <p
(4) vwx = b"c™ wheren<p&m<p
(5) vwx = c™ wheren <p

!

For case (1), vwx = a* = v?wx? = a™.
If Condition (ii) is true, vx # €.

Either v # e or x # €.

This means n' > n.

s = uvwxy = uay contains the same number of a’s, b’s and c’s.

uviwx?y = ua”'y contains more a’s than s and therefore has more a’s than b’s and ¢’s in
itself.

Therefore, uv?wx?y is notin L.

Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).

Similar arguments can be made in cases (3) and (5) to arrive at the same conclusion as
in case (1).

For case (2), s = uvwxy = ua™b™y contains the same number of a’s, b’s and c’s.
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If Condition (ii) is true, vx # €.

Either v # e or x + €.

vwx = a™b™ = v2wx? will increase the number of a’s or the number of b’s or both.
uv?wx?y will have more a’s than ¢’s or more b’s than c’s.

Either way, uv?wx?y is not in L.

Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).

Similar arguments can be made in cases (4) to arrive at the same conclusion as in case
(2).

Combining all 5 cases, we conclude (Condition (ii) and Condition (iii))) = ~ Condition (i).
By Theorem 2.64B, L is not context free.

Example 2.66

Show that L = {w#w]|w € {0,1}} is not CFL.

Vp = 1, construct s = 0P 1P#0P 1P,

se€Land|s|=4p+1>np.

Assume s = uvwxy.

If both Conditions (ii) & (iii) are true, we have the following cases to consider.
(1) vwx is to the left of #

See figure below.
p p p p

= PWX -l
Condition (3) = |vwx| < p which makes it possible for vwx to be contained in 0P 17.
Since Condition (ii) is true, vx # €.
Pumping up to uv?wx?y will increase the number of symbols on the left of the # sign
while not changing the symbols on the right.
This makes it impossible for uv?wx?y to remain in L.
Therefore, (Condition (ii) and Condition (iii)) = ~ Condition ().
(2) vwx is to the right of #
Similar argument can be made to lead to same conclusion as in (1).
(3) vwx contains the # sign

(i) w contains # (See figure below.)
P P P P

A T R T - 1 T T T X B e T )
= P Sl W =lk= X -l
v contains only 1'sif v # € and

x contains only 0's if x # € >
Condition (ii) = vx # € = one of v or x is not €.
Pumping down = uwy = 0P11#0/17.
vEE=Ii<p= 0P1#0/1P ¢ L = uwy & L.
x#+e=j<p=0P1#0/1P ¢ L = uwy ¢ L.
Therefore, (Condition (ii) and Condition (iii)) = ~ Condition (i).

Condition (iii) = |vwx| < p = (

77



(i) wis to the left of # (See figure below.)
P P P P

= DW i~ X -l
Since vwx contains the # sign, x # €.
Therefore, x contains #. (See figure above.)
Pumping down will eliminate the # sign making it impossible for uwy to remain in
L.
Therefore, uwy is not in L and Condition (i) cannot be satisfied.
(i) w is to the right of #
Similar argument will lead to the same conclusion as in case 3(ii) above.
Combining all possible cases, (Condition (ii) and Condition (iii)) = ~ Condition (i).
By Theorem 2.64B, L is not context free.

Example 2.67
Show that the intersection of two CFLs may not be a CFL.
Let L, = {a"b"c™|n,m € N}
L, ={a"b™c™|n,m € N}
L, N L, = {a™b"c"™|n € N}, which is not context free as shown in Example 2.65.
L, can be generated by the following CFG rules:
S—TD
T — aTb|e
D — Dc|e
L, can be generated by the following CFG rules:
S — AB
A — Aale
B — bBcle
Therefore, L; and L, are CFLSs.

Example 2.68
Show that Show that L = {ww|w € {0,1}*} is not CFL.
Vp = 1, construct s = 0P1PQP 1P,
s€Land|s| =4p > p.
Assume s = uvwxy for some u,v,w,x,y € {0,1}".
Claim 1. If i < p, the strings 0:170P1P, 0P1:0P1P,0P1P0'17,0P1P0P1" are not in L.
Assume for contradiction that 0170”17 € L.
3r € {0,1}* such that 0:1P0P1? = rr.
Therefore, |rr| = (i +p) + (p +p)
_ (+p)+(+p)
Irl=—"7"—
Since |r| is the arithmetic mean of (i + p) and (p +p) and (i +p) < (p + p),
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[r| >i+pand |r| <p+p.
Therefore, |r| =i+ p + 1.
The leftmost i + p + 1 symbols of 0:1P0P 1P form the substring 0°170.
The leftmost |r| symbols of 0:170P 17 form the substring r.
Since |r| >i+p+1,0'1P0 = 7.
Therefore, 10 = 01170 = 7.
Similarly, the rightmost 2p symbols of 01170717 form the substring 071? and the
rightmost || symbols of 0:170P 1?7 form the substring r.
Since |r| <p +p, r = 0P1P.
Therefore, 10 = r = 0P 1P,
This is a contradiction because 10 cannot be a substring of 0P 17,
Therefore, 01170717 ¢ L.
Similar arguments can be made to show 0P1:0”717, 0717017, 0P1P0P1¢ are not in L.
Claim 2.
If at least one of i, is less than p, the strings 0:1/0P1?,071:0/17,071P0‘1/ are not in L.
Assume for contradiction 0:1/071? is in L.
0‘1/0P1P = rr for some r € {0,1}".
Therefore, |rr| = (G +j) + (p +p)
Ir| = (i+)++p)
2
Since |r| is the arithmetic mean of (i +j) and (p +p) and (i +j) < (p + p),
r| >i+jand |r| <p+p.
Therefore, |r| =i+ + 1.
The leftmost i + j + 1 symbols of 0:1707 17 form the substring 0°170.
The leftmost |r| symbols of 0170717 form the substring .
Since |[r|>i+j+1, 010,
Therefore, 10 = 01170 = 7.
Similarly, the rightmost 2p symbols of 01170717 form the substring 0?1? and the
rightmost |r| symbols of 0170717 form the substring .
Since |r| <p +p, r = 0P1P.
Since 100 r & r = 0P1P, 10 = 0P 1P.
This is a contradiction because 10 cannot be a substring of 07 1P.
Therefore, 01170717 ¢ L.
Similar arguments can be made to show that 0710/ 1?,07170'1/ are not in L.
Returning to the proof that L is not CFL, we assume both Condition (ii) and Condition (iii)
are true.
Since |lvwx| < p, we have 7 cases to consider.

(1) vwx is a substring of the first block of 0P.
P P P P

Y T T 1 T 1 T T 1 e T
= DPWX I
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(2) vwx is a substring of the first block of 17.

p p p p
000011+ eve--1100 oo+ 0011 :-vvv-r---11
= DPWX I
(3) vwx is a substring of the second block of 0P.
p p p p
000011+ ove--1100 e+ 001L:-vvv-v---11
= PWX -l
(4) vwx is a substring of the second block of 1P.
p p p 14
0000111100+ vee- Q011 evvevvee---11
= VWX I
(5) vwx straddles the first block of 0P and the first block of 17.
p p p p
(T T Y1 i T T T 1 T DT 1) & & e T |
= VWX -l
(6) vwx straddles the first block of 17 and the second block of 0P.
p p p 14
0000111100+ vee- Q011 evvevvee---11
= VWX I
(7) vwx straddles the second block of 0P and the second block of 17.
p p p p
00----cooo e Q011 coevereee 1100 cceeveeeQO0TLewecvevereer11
= VWX I

In case (1), v consists of all 0’s if v # € and x consists of all 0’s if x # €.

Pumping down would only affect the first block of 0?7 and not the other 3 blocks.
Therefore, uwy = 0:1P0P1P,

Since vx # € by Condition (ii), one of v and x is not €.

Pumping down would reduce the number of 0’s in the first block of 07.

Therefore, i < p.

By Claim 1, uv®wx®y = uwy = 0'1P0P17 ¢ L.

Therefore, Condition (i) is not satisfied.

For cases (2), (3) and (4), similar arguments can be made to lead to the same
conclusion as in (1).

For case (5), |[vwx| < p = pumping down can only affect the first and second blocks of
symbols.

We can write uwy = 0170717,

Furthermore, the first symbol of vwx is 0 and the last symbol of vwx is 1.

If v # €, the first symbol of v is 0.

If x # €, the last symbol of x is 1.

Since Condition (ii) is true, vx # €.

One of v and x is not €.

Pumping down will either reduce the number of 0’s in 0P or the number of 1’s in 1P.
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Therefore, eitheri <p orj <p.

By Claim 2, uwy = 0‘1/0”P1P is not in L.

Therefore, Condition (i) is not satisfied.

For cases (6) and (7), similar arguments can be made to lead to the same conclusion as
in (5).

Combining all 7 cases, we conclude that

(Condition (ii) and Condition (iii)) = ~ Condition (i).

Hence, by Theorem 2.64B, L is not context free.
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